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PREFACE .
. . = . ‘ﬂ
. This-book starts the second course of a mathematics ‘

sequence for the seveqth and eighth.érades: The content for the

.sequence is being selected to serve as a vehicle for the dévelop—
- R
ment of relevant computational-skills, mathematical reasoning, and

geometric perception in three dimensions. The applicationof math-

A
ematics, to the social and natural sciences is also.an important fac- |,

tor in thé selection of material. ° . o /
: : \

‘ . «
-

. The style of_the sequence encouragés individual aswell

as group work, thus developing the communication Skll'ls;in the con-

text of m‘athematlés. Strong emphasis is placed on’std,dent activi-
. ‘e

ties, many of which are manipulative. .
. . . <o U TN °.
Yo e

' . £~
To serve a broad spectrum of students in he\\e\:‘ogenepus

-

“ éias,ses, the material is divided into five types of sectiohs, "ﬁ:hreg

.. 4
types constitute the main core: . ~ J. ’ .
) y - ) . )
- Acﬁlvltles by the whole class., small grouias
t .
f V or lndlvldualks; . 3 *

. o ;s : , vt . o )" ]
r?/: Short reading sec;tlo‘ns, to.be ,Basslg'ng,d‘. and

]

- discussed or to be read in class; and, L .
' [@ Questions to be worked?O\tat home or i1
-clq‘k’ on ’ N , . . - . ' I
-4 . R N 5
“""}x q
8 !
"x%i " ? =
TR ? By
R
: LY :
. ‘f‘ ,

»




-ii-

Sections 1ndicateé by are intended to help the student who

has a weaker background; and. sections indicated by - provldé

extra challenge and pleasure for the strongly motivated student.

L4

The development of this projeyct\ is supported By)a grant

from the National Science Foundation. =~ ° 4

‘ Uri Hab'er—Scl;laim
Project Director
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SECTION 1 VISUALIZING THE CUBE

r,/ . . o‘

=4 Whern we describe a table we are likely to s‘peak'of its

height length, and width. Describing a swimming pool we speak

of length, width, and depth We can put a pair-of shoes, a type-
writer, or any other ob]ect in a rectangular box The box has a

length a width and a depth. ‘They are, called the dimensions of

the box. All objects in our.world have three dimensions. Yet we

do much of our communicating on two dimensional surfa‘)ces Such

as a sheet of paper or a television spreen. ' ) :
. . 9 K <
Because (gf this fact we havé two kinds of problems' “how
to visualize a three- dimensional object from a two- dimensional
drawing, and how to draw a three- dimensional obj ect on atwo- ‘

dimensiondl surface .

!

— N

We shall Begin this course with work on the first of these
problems. As an introduction we raise some questions about cubes.
A cube (Figure 1) has six square faces, twelve edges of the same

'length and eight corners.

.Eigu_re 1

. " |

<

g
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L Suppose you were to paint each face of a cube. What ls the
P " . smallest number of colors you would need so that notwp faces

o

having a common edge are painted the  same color? .
o 2. Suppose a large die fits sriugly fnto a shipping box. .

(a7 In how many differer ways can the die be'placed in the -
box so that the face with three dots will be showing when .
the lid of the box is opened? (Figure 2)

(b) In how many ways can the die be placed in the box so-
that the face with the three dots will not be showing when
the lid is opened? - ‘

_' (c) AN together in how many ways can the die be placed in .
" the box? . '

3. Consider two ltnes drawn on a sheet of paper. If both lines
a0 are perpendicular to a third line, then they must be parallel’
- % to éach other. If two linés are perpendicular to a third-line

- on a cube, must they also be.parallel to each other? -

-

;: Painted on eaclﬁ face of a cubé is one of these shapes: -

-,

- ' X D A or O Three views of thrs cu'be are

" ‘ , shown in Figure 3. : o .
'U W ] . ) 8 Y o ‘
s/ ] o

2 " "C,_‘

i
|
o X
I .
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L —a .
@ € b . ()
. Figure 3 s

M '

~

(a) Use a piece of chalk to draw tl;ese shapes on the fa/ces
of a wooden cube so that three views of it will correspond to the
three views sho;/vn in Figure 3. l ' / "

(b) On your cube which shape is-opposite @ ?

(c) Which shape s on the bottom of Figure 3(a)?

’ ~
)

‘
f
~
.
E h -

4 There are calendars that show the day of the month by using
two cubes as in'Figure 4. Using both cubes you can form all )
* the numbers 01, 02, ... ,.31. How are the numbers painted

on the faces of the two cubes to make such a calendar?

7y

Figure 4 .

- ’

\

o~

\Q )
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'SECTION 2

PATTERNS FOR -CUBES’

i

1

»
~

1 4 A solid cube and its.faces are very different things. A cube

may be heavy.or light; it makes no sense to say that a cube has

4

L4

heavy faces., Oﬂ"’the, other ha;nd, the faces of a cube may kge rough

you visualize how the facés of a cube fit together to form a cube.

> L) .
One good way is to make a cube by cutting out a pattern like the

-

’
AR
w

Figure 5
-4

one in Figure 5.and making folds on the 'dashed lines.

b o e o e

The steps for making a cube from this pattern are shown in

Figure 6.

Figure 6

wh oo

or smooth, but the _cubé_ltself is neither. There are wé}{s to help

*

—
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A ]

(b)

Whid'h patterns in Figure 7 can be folded into @ cube? -

v

(c)

o

(e)

Each pattern in Figure 8 wlll‘m'alge a cube.
‘B in each pattern becomes the bottom when folded, which face
becomes the top? Label each of these faces with the letter T.

\(a)

\ (q)

If the face labeled
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7. On a die, when you add the numbers on opposlte faces you
always get seven. Number the faces on the patterns in
Figure 9 so that the cubes are numbered the same way that .

dice are. o . . Co e
* ) . .
) Lo = ‘ < \ .
. (@ . ‘Pigure9 = () ’
\\, . N S - ‘ — .
.- — ’ -~ '
8,  The pattern in Figure 10(a) can be used to make‘a box that

‘ ! will hold one*die. . ) \ . , -
\ ’ * L4 . N -

- - ’ S . |
. . , .

‘ N S B » ! ‘

Lo o Y T T R
T ' (a) Figurel0 (b) [, - L, - —_— S

‘ - : ‘ r . ' s N ., . ) , v -
- ) . Can the pattern-in Flgure 10(b). be us 'to make a box that
. -~ will hold two dice? L
’ ‘ ’ " Figute 11 shows how the three . .

e g Figure 11 shows how the-three comers-marked Q@onthe -
oo . pattern come together whén the pattern is folded to-make a chbe. h R ' ’

( . S, . . ¢

' T ’ ' ¢ 7

«

s
A . » o . e ' . [
. .
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, Your teacher will give you foux;bpattems t\hat make c'losed

three-dimensional objects. Color code the corners of each pattem
softhat. the cgﬁters that come together are colored the sarrre and the*
. cerners that do not come together are colored differently. Then cut
‘out the patterns to ch.ecl\c-your color code.

. .

v

.
'SECTION 3  UNFOLDING THE CUBE : )

»
)

. w,e saw how some flat patterns could be folded into hollow
cubes. We.can also do the' erse, That is, by starting with a
hollow cube, we can flatten it out by cutting along some 'o;the
edges and unfolding it. . ’

Imagirle a hollow cube, as jn Figﬁre 12,‘with a stripe nun-~
' ptng over four of the faces. Decide hpgtyou would unfold the cube
" so that the stripe is broken in % "
(a) four places - Vo o \
(b) two places ‘:

(c) one place.

1
i
v

aw a flat pattern for each. Be sure to tfxark the stripes on each
pattern. Then \compare your patterns with your classmates'. Check

your resujts by folding the patterns into cubes .

i3
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9. ) Two adjacent faces of a cube (that is, two faces sharing an
‘#-"  edge) .are painted red. < .
(a) Show how .you can unfold the cube so that the red faces
- - remain adjacent on the unfolded pattern.. «
’ : -(b) Show how you ban unfold the cube so that the red faces - -
v . are no longer adjacent on the unfolded pattern. -
10. | ‘Three faces of a cube that meet at the same comer are- ;ﬁﬂnted /

blue.

(@)" Can ymgunfold the cube in such a way that the three faces
- still meet at a corner? . “

. (b) Onthe cube every two of the three blue faces are adja- .
' cent. ‘Is this also true when you unfold the cube? °

: :
Ll/ Figure 13 shows two points on the faces of a cube. Point P
' is on one, face near an edge, and point Q is on an adjacent
. face near the same'edge.

Figure 13

(a) How would you unfold the cube so thet the two po’ir'lts are
as close as possible on the unfolded pattern? °

- . +

. (b) How would you unfold the cube so that the two\lpoints are
as far apart as possible on the unfolded pattern?

~
.

” (a) Mark points P and Q on a pattern as in Figure 14(a).

. Cut it out so that it,fits over your wooden cube. Wrap the pattern
. . p ,

a‘..r.%? % "
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.ot g
. m ~.
A U e
. -

-

.« around yéurgpe and tape it together. I\'Iosv t{old the cube so that

v " . . you can see pojnts P and Q as in Figure 14(k9.
) .{
P o
g I
. Fiaisd (@)
- o0 S 00 o
‘ ) Se® 0,0 4 ..
. Q psaas Figure 14
~. * N N
o Figure 15 shows three paths, ‘paths J, K, and L, that con- _
nect points-P and Q Use different colors to copy these paths onto
the pattern covering your cube. Measure each path to find out which
is the shortest, ) Lo
Figure 15 MIDPOINT OF EDGE
Vi¥ QAR \.
W
-
What do you think the three paths will look like when the
pattern is unfolded? Unfold the pttern. What do, you notice about
the shortest path when you loék at the unfolded pattern?
le" y

=
bk
(@S]
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(b) Figure 16 shows mi'dﬁints marked on two faceé?‘of a
_cube. What is thé shon:est path between them ? Draw an unfoldecf
pattern for this cube with the two points and the shortest’ path
marked on it. Issthe path unbroken?

4

Figure 16

(c) 1Is the path shown in Figure 17 the shortest path over
the faces connecttng points P and Q? Use a pattern to help you °

find out- MIDPOINT OF FACE

" Figure 17

4

M!_DPOINT OF Eooe' )

¢ (d) Choose two different points on adjacent faces of your
| ,
cube. Between these points find the shortest path crossing the edge

common to both faces.

. 12. In Figure 18, which is the shortest path over the faces con-
necting P and Q? Mark points P and Q on your cube and un-

A fold the cube sithat the path in Figure 18(g) is not cut. Again
mark points P and Q on your cube and unfol®the cube so that

the path in Figure 18(b) is not cut. What do yoy notice abopt
the two paths? Which path is shorter? Can you find the .
shortest path between P and Q? 3

/

Ay




Figure 18

1

Ima‘gine‘a planet in the shape of a ‘cube. A map of th'is planet
can be made by building a paper model and unfolding it.

Figure 19 shows one poésible shape for such a map. The
points P,.Q, R, and S stand for citfes. Use your ruler to find )
the distance on the map between cities '

(a) Pand Q
(b) Rand S '
(c) PandS. . ‘ . B

hd €
.

Figure 19

- J

*

SECTION 4 ' CROSS SECTIONS OF A CUBE

“ If we take a three-dimensional object and slice it with a

saw or a knife we see a two-dimensional face that is calleda ~ =

crogs section. You have seen cross sections before — for example,
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4 cross section of an apple, of a loaf of breaq, or of thé ff’unk of .

a tree (Pigulje 20). .- . ‘ . T

TFigure 20

t*

What kinds of cross sections does a cube have?

. ' Get together in small working groups, and practice using -
the clay cutter. With the cutter make a numbér of clay cubes about~
3 cm on a side. Without cutting the cubes, try to answer the fol- ?

lowing questions. Then use 'thegcutter and the cubes to check your

answers.

.
- <
B
v ‘ ¢

14,. When you slice a cube parallel to one of its. faées., what will "
.the shape of the cross section be?

15. Show that it is possible to get a square.cross section wh7en
a cube is not cut parallel to one of its faces.

16. Show how you can slice a cube and'get a rectangle that is
(a) taller than it is long
(b) longer than it is tall. -,

.




g

o

17l." Each of the cub

All of these poil
.~each of the cub

1-13. s

in Figure 21 is marked with three points.
nts are midpoints of edges. Suppose you cut
es along a.plane’ péssing through the marked \

points. What will the cross: section look like in each case?

(a)

2 e s

Figure' 21 .

(b)

(e) ()

.

18. Any cross section thdt you can cut frotn a ‘cube has the shape

of a polygon.

Make a list of the different-shaped cross sec-

, tlons you get in Question 17. List them by the number of .
s[des that the polygons have. .

- o~

’\

19.  Choose one of the polygon cross sections and answer the fol-

(a) 1Is each side gf the polygon on one of the faces of the

cube? Why?

(b) Were two sides of the polygon cut from the same face"

(c) Compare your answers to parts (a) and (b) with the an-
swers of classmates who chose polygon cross sections that
were different from yours. . e

Q-
13

&
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. \ . \-
5 . .o : v ¢
\d o 4 -
. 3 . L
~ N hd

- 20.° -Explain the fact that no cross section of the cube can have
' . more than sq.Mes.

\ ) T
LI S

' "'“2 1. Suppose you have a block of wood that has-rectangular rather _,

than’ squate faces. Will it be possible to cut a cross section = -
that Has more than six sides? Why ? .

‘ '
Cbe .
g
l 22, " 'In Figure 22, two dashed'lines are shown. Imagine that you N
‘have cut the cube along ‘these lines, - .
. _& ~ .

Figure 22

(a) What would the shape of the cross section be?

(b) On the cross section how big is the angle between the
dashed lines ?
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SECTION 1  LENGTH AND AREA
Suppose you want, to, me\asure the length of a shoe You

: have a ruler that has é/ntimeter marks on it but 40 prmted num- =
bers. What would you do ? You would iine up a mark on the xﬁler
with one end of the shoe and count the number of centimeter marks

“

. , ]
" there are from this end to the other end of the shoe (Figure 1') .

: Figure 1 )

. [11lIiIlmi\rslnﬁr"v‘ﬁxfrglJ .
B | | . l ;’/4 ' , ‘

. [y o » 3 N
Cx N Lt

$ , .
~ Most commercial rulers hdve their centimeter marks num- . v

Y . . -~ 4

—-.bered, and so the counting has been done f& you.. However, if
you want to read tenths of a c‘timeter, yod_s’tilll ﬁave to do your
‘( own counting. In any case, measuring length involves tounting )

5 , ' units of length.

1, What is t'he length of the shoe in Figure 1? . ’ '

(

2. You know that an inch is a larger unit of length than a centi-
, . meter. Would the length of a shoe given in 1nches be a larger
or a smaller number than the same length given in 6em$!meters ?
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3. One Meter equals 100 centimeters (cm). Express the following

. - lengths in cm. ) 4 Ve R
S @ 2sem el
"t ) 3%6m | . T e, i \
e © o0.zm L NL - -  _
(d) 0,668 m Y A C
14, Express tpé\t%)iowing lengthsdnorhmeters. - : ”

’(a) 300 cm

. (c) 25cm » ~ . e
) (d)\ S . Ly o -Q,'
(e} 4.7 cm - : - oo » ¢

L4 . ~

Measuring an area means counting units of area. We usea,.
, Ssquare tfmat is 1 cm by 1 cm as the unit of area. This tinit is called «

,

a -Square centimeter and {s written as 1l cmz. For example in Figure 2

the area of the figure is 7 cm?. M . R
w° >
‘ Figure 2 B I R
, AN
' o
’ 1em || 4 -
« " l"—.’ ‘ ’ T
= lem ‘
P4 " Gd . / i

When we measure the area of rectangles, we can use a short~
cut for the counting process. We can imaginé a rectangle to be bro-

kén up into rows 1 cm wide and each row broken up into squpres of

v . - \
. .

.




5
N ¢

3

%‘cm\by 1 cm. This is illustrafed in Figure 3. There are three rows
= and each row contains four squares. Each of these squares Has an

area of 1 cm?. Therefore, the area of the rectangle isy : s

~

3x43<lcm?=12 cm?
/-". " v :\‘

. \ . v .
The product length times width gives an area in cm? only if "

both length and width are expres§ed in cm. To remind us, we write ' “/r
the units next to the numpers that express the length and the wjdth.

In our example,

N \3§:mx4crﬁ=120mz ) ‘ ~ -

4
In general,

L -

~ Ared of rectangle (id cm?) = length (in cm) X width (in cm)

. = . -

. K ;
.- ) .
> i . . . - . A N
¢
. . P .
: ’

+ 5. By counting, find the area In qnz of each figure in Figure 4.
' ¢

F-ig ure 4 o )

) — (a) 7 (b)) Ty (c)' . . ) \




. , . \ .

B
.
.
N
» - oo %
‘b
- &

~

6. Calculate’the areas | ‘cm? of the rectangles whose length and
) width are given below. ‘

(a) 1% ¢h, 6 cm

(b 1500mZ0.3 em

(c). 2-.8'm,.5.5 cm . - -t R )
(d 25 cm, 1.6 m

.

<

-

7. A square of 1 m by 1 m has an area of one square meter (1 mz)
How many cmzd, are there in 1 m2? How many mZ are there in

1 cm? ? } :
8. Trace~the figure shown in'Figure 5. Draw two recta les tn
such a way that their areas will bracket the area of the figure."
What can you say abqut the area of the figure? "« - ’
& -

-

- Figure 5

SECTION 2 UNITS 'OF VOLUME

v : :

» QN Just as measuring area {nvolves counting units of area, mea-

suring,uelume involves counting units of volume. A square.of 1 cm
“on each side Is a c/op%mon unit of area. Similarly, a common unit of

volume is a‘cube{whose edges are 1 cm long (Figure 6), This unit -
. . SN

of volume is called a,cubic’ centimeter, which is a(B})reviated as cms. ¢

~» v ‘ -
' .

-

- 24

?
3

4
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' Figure 6 B . :
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L ) . ’ -
lem
. ‘ lem - - -
IR Tem ‘
P4 ) . y; - “ - .
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1 3 ' -

Counting the uiiit cubes m the solid shown in Figure 7 tells us that

. . its volume is 5 cm3. v“.' , g
4 ‘ § - ) . SR Lt x
Figure 7 . : )
7 Q *
e ' ’ . ) R
,/. ) ‘ ~ » »
{
\
’ . ) ) "; R
& / '
Figure 8 shows us an example of a rectangular solid — a solid
S \ whose faces are/ectangles There is a shortcut for finding the vol-

ume ofra rectangular solid, and it is similar to the shortcut for find-

* ing the area of a rectangle.
7 <
‘.J

g S ‘ ' . Figure 8 :

. .
-~ > -
N
- -
o, . - .
. » . S . v 3.
-

S " b
HEIGHT 2 cm . LT

+

A
- g’ 3cm WIDTH

;IJ v

Scm L . -
LENGTH
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3 \
) ' %
r . .&’> -~
N\ . 7 .
¢ . 2-6
- . -

‘; % . ' . . .
} First we jlhd'the' number of cyhlé centimeters in a layer that - .

“ . » A N
is 1 cm high. -Figure 9 shows one layer of the solid in Figure 8, and

U 1
'
N 9 evmsvnmmmownna - - .
Pia] 4 "1 A
ST 1N ! . AT ol
*—-—-——:——-—s-/——r ‘ ;
' 1= . -/
2cm e >
~ . A 14
B Z3em -
»' - ) 5¢m 7 ' .
s . o W
“ 7 Figure 9 - \ P
4 N T
. ° ﬂ ) ,a

it lj 5 Em 10‘n§ and 3 cm wide and 1 cm high. This layer cont ins

- 5X 3 cubes. The eq?es of each cube are 1 cm long: The velume of

A
this layer, therefqreg is-:

] K . .
5X3><lcm3=‘15f(:m3 : -7

-

~

i

Slnce the solid imBigure 8 is 2 cm high and each layer is

E)

1 cm hlgh we have two layers. Therefore, the volume of the whole

& -
'solidls’ - , 3 s 3 . ‘ }
) 5X3X2X1cm” =30cm : .

»

5 o

\ That ls the number of cubic centlmeters inar

each dimension is glven in centimeters. - ®

@ To remind ourselves of the need to have each dimension

given in, the 'same unit, we write the unit of length, width, and
R
' helght after the respectlve numbers#

( . (Scm><.3-cm‘><20m=300m3 <, 4

T

P2 o

L

-
L 3
A
. ' |
/\ ,‘
) |
|
|
|
|
¢ |
”
v ‘!
1‘é |
.
: 1
P>
\
tfl
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»
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-9. \Wh

é are the volumes of

-
. .t;‘
\ )
. ' (L
' #’
=~ - v
2 ; (b)
\
3
N
* A
i
/ .
e

e

2-7

/ |
‘Volume = length X width X height

/

Of course, allthree dimensions must be in cm if ‘the volume is
[\\b’e/fn cm3. . ' '
( J

8 -
s

%

~Na

the solids in Figure 10°?

A

Figyre 10

(d)

-

The reasoning we used to calculate the volume of the rec-
tangular solid in Figure 8 can be used for any rectangular solid.
‘Thus the volume o#@éﬁy}“;"rectangular solid is given by

to




©_
2-8 ‘ .
. 4
10. , Count or use the shortcut to find the volumes of the rectan— ‘ "
gular solids_in Figure 11
Figure 11 : - - \
@ - , ‘ :

: . 'f (b A

2 cm ( N .
- 4cm' .
l P/ 05ch 2cem

f*—2cm—s] ‘—5 tm ————=

- ~
4

11. A rectangular box is 1 m long, 2 m wide, eand 60 cm high.
What {s its volume in cubic centimeters ?-

) 12. ° Find the volumes‘of the solldé in Figure 12,

. - . 2C .
., S
-3 N : % o : r -
Figure 12
N 4cm '
lcn:f/, . . R - . |
-y ‘ l
H 6ecm ———» . 8cm . ']
\ ’ ’ ) 17 cm = -
- (a) T“/
6 cm . - 1
(b) A
17cm
T ' /“—ch—“/ '
. s écm N
. ’ ) 17 cm ;
. — - 4 . k'
- . c le— 8 cm —+ ' .
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5
?
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13. What could be the dimensions (length, width, height) of the
rectangular solids whose volumes are given below ?

(a) 12 cm3 - . s
®b) 30 cmd ¢
(c) 500 cm3

”

’
E — »

14, A cube has a volume of 27 cm3: How long is its edge?

[

15. The recténgular solid in Figure 13 ‘consists of four equal

cubes. The volume of the solid is 500.cm3.
(a) How long is an edge of one of the cubes?

(b) Find the dimensions of the solid.

(Yol -t N ’

\

_—_

. Figure 13

N\

SECTION 3  VOLUME AND SURFACE AREA
ve

. Q “The surface area of a solid s the sum_bf the areas of all its

faces. A rectangular solid has six rectangular faces. Its surface

area is the sum of the areas of these six faces.

’

<

Con.sldei"«'the rectangular solid illustrated in Figure 14. Its

. volume is

- 8cmX6cmX4cm=192 cm3

s
<

.

s ) "  85 N |




-

-

»
To find ‘the surface aYea of the solid/-we hote that the front face
has an area of 8 cm X 4 cm. Another face of equal area is hidden

in the back. Added together, the area of the two faces is<

2X (8 cm X4 cm)

*
N

-

_—]

:

P-S
(2]
3
pomm e

v . — v —— —a— — v - w— —

- /" ) |

® . d”’ ) * /
P ‘ - 6cm

’/ . .
f— 8 cm —
%
Figure 14
8 # -

‘/
Similarly, the top and the’bgttom féces together have an area of
. ' AN ,

2% (8 cm X 6 cm)

Ixrarman, 7

and‘thestwo end faces together :have‘ an area. of

: * g“';ér:%’:“"m
2% (6 ch X4 cm) o

>

L

Added together, the total surface area is

2x(8Bcmx4cm+2X (BcmX6cm)+2X (6cmX4cm) °

»

64 cm? + 96 cm?2 + 48 cm?

(/ .

-

. . 30

208 cm?. ‘
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.
. : . . .
¢
. . ’
. 2

<L8. 'Explain why only two of the factors in any of the preceding -
products have units.

P N

17. A'rectangular solid measures 4 cm b;' 5‘cm by 10 cm. What
is its volume? What is its surface area?
/ 18. Abox has a length of 8 cm, a width of 7 cm, and a height of
6 Cm- - . A\

| (a) If the pattern.shown in Figure 15 can be used to build
. this box, what must be the measurement of each of the line

y segments on the pattern?

- Figure 15 | 1 .

(b) How does the surface area of the box compare with the
. area of the pattern that is used to make the box?

19. A pattern for a rectangular box is shown in Figure 16.

*

<
. L %

S5cm
gt

-—I<-—y—-—|

Figure 16 "~ bem
) =

» x . . N
.0 ]
\ e 10cm—>| . -
’ ' (a) ‘What are the lengths of the edges marked x and y?

(b) What is the area of the surface of the box ?

(c) What is its volume ?

ERIC ‘ 31

¥
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v K

- N
o ' Figure 17 shows a rectangular solid. Suppose that you cut \

e . Vo
" the solid along the plane indicated and rearrange the two halves as \ N

-~
9

{ . 1 5

Figure 17

shown in either Figure 18(a)' or 18(b). Do you think the volume of
the new solid is different from the volume of the old one? Do you

think the new surface area is different from the old one ?

& .
’ 9 Ld -~
~ Figure 18
. ‘ (b)
(a)
. 2cm ’ ‘ o0 .
‘ ) )_ . 4cm ‘.
~ 4cm . o
- L __{ 4cm - -
po— 6 em— s ] 4
. - .. . fe——3 cn—s s
N % ~
L ! ’. 32 ’
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. <

. Use your clay cutter to make a recfangular solid with the

same dimensions as those in Figure 17 . How Mmany ways are there

to cut this solid into halves that are each rectangular solids ?
'\ r - -

Make at least two such cuts in the solid that you made,
and then rearrange all the pieces to make different rectangular

. solids. How do the volume and the surface afea of each of these

solids ‘compare with those of the original ? ” .

N\ b v, -
Which of the rectangular solids has the fmallest surface
area? Which has the largest? What do you notice about their di-

mensions ?

E Can y;ﬁ‘cvt tlﬁ‘ortgmal,su in other ways to make the
surface area as small as you wish—for example 10 cm2? As large

as you wish—for example, 1000 cm?? Explain yeur answer.

-

SECTION 4 - VOLUI/IES OF RIGHT PRISMS AND RIGHT CYLINDERS.

)
> ‘ Let us look agaln ated rectangular solld (Flgure 19) and at

the formula for its volume -

-
-

N .
Volume = length X width X height

-,

The area of one of a pair of opposite faces is the product

. length X width

33

w
-
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Each c;f‘ these faces is perpendicular to the height of the solid} that
means each face meets the height at right angles. It is, customary

to call either of these faces the base of the solid.

- -~

Figure 19

»
o
7,
/-\ 7S ]
14
.

BASES

. .
o ,
~ ] 0 A ‘ : 7

’ .o
Thg volume of the rectangular solid can be exf:ress‘ed as' S

Volume = area of base X height \

This formula is actuélly a shortcut for adding up the volumes of in- .

-

dividual layers that are each of unit height (see Figure 9). .

N \ - ' ’ - ’
\ . . ‘ ; ¢ L8

 20.  The length and the width of a regtangular solid are 4 cm and
3 cm respectively. Its height is.7 cm.

* (@) What is the area of the base?.
- (b) What is the volume of the solid?

.
Y

21. The dimensions of a rectangular solid are 12 cm, 5 cm, and
20 cm. ) :

34 '



‘o .
- ! ¢ © o\u

(a) If you choose the“face with the edges of 5 cm and 20 cm

as the base, what will be the height of the solid? ® — -
(b) Calculate the area_ef the base and the volume ofthe solid.

(c) Choose another face as the base. Calculate the area of

this base .and the wolume. Compare yolr results with part (b).

)

v - . ‘ .
LS We can use the same shortcut for other solids that we can .

cal to each other.

v

think of as being made up of layers ide

»

What do some of these solids look like" Here is a way to
visualize the construction of such a solid Start wi@x a polYgon
. region as a base, and then imagine a 11ne ‘segment perpendit:ular
to the plane of the polygon (see Figure 20). Sup ose that you can _
move-the line segment along the polyéon, keer!i(ni it perpenéiéular
to the bai'i‘he other end of "th? segment would then trace o'l.:t
another p on identical to.the base. Such a solid is called a
right prism because the moving segment, which is the height of the
— prism, meets the base atsight angles. . e

Q

; ' . . . %

Figure 20

b




We can also visualize.a solid by/grting with a closed

X curve in a plane. This Is illustrated in Figure 21. The resulting )
- solid is called a right czlinde . . ‘ o \ ‘,
I * ' \
. * : : Figure 21

- ' ~ T,
. By looking at Figure 22 (a)and (b) we can see that thebe N
solids can be thought of as being made up of identical layers. . C
’ M \__,,./’" , ' -
. ’ . Figure 22
(@) - o
Pherefore, w can find the volume-of a right bris‘m or a rigimt cylin-
der by adding up the volumes of all the layers. )Slinced the layers %
P are identical, we can use the shortcut -
' Volume = area of base X hejght . y .
. { v B
ERIC . . - ;
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S
22. Draw atriangle on a plece of paper. Using your pencil to
represent the perpendicular line 'segment, show how you

\ N would construct a right prism that has thig triangle as its
base.
, . # .
23. Which of the\solids in Figure 23 are right prisms ? WHhich -
R it
f solids are right cylinders ? )

24. Each square making up the polygQn shown in I‘igﬂre 24 is

1 cmZ, P)
1éme * ' -
. . fe—si
. Figure 24 :[
) ‘ 1cm
. TS ‘ .
. 6 ,

<
'

(a) What is the area of the polygon?

(b) If'you cover the polygon with one laygr of cubes 1 cm on\\
the edge, how many cubes will you need? -

-]
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¢ (c) What is the volume of this layer'? L

s ’ (d) How does the number of cubic centimeéters compare with
the number of square centimeters ? o~

~_ - * (e)\ How would you ﬂnd?the volume of a block having the
) ) - same base but with a height of 3 cm?

"~ () How would you find the volume if the height s 4.5 cm?

25. The wedge in Figure 25(a) has a base area of 48 gm and a

height of 7 cm. The solid in Figure 25(b) has a base area of
67 cm? and is 19 cm thick. The solid in Figure 25(c) has a
base area of 36 cm? and a height of 9.5 cm. ) 4

‘Figure 25

= 1

. l (a) Identify the solids as right prisms or right cylinders.

(b) For each, name the base and ﬂnd the volume.

]
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Finding the volume of a right cylinder is easy if we know

the area of the base. When t

base has an irregular shape, we

can only bracket the area. Figure 27 shows the ba

Figure 27

Ny

placed on a grid of unit squares. Counting the squares entirely

[

s&?f a cylinder o

within the base,-Figure 27(a), and the —square‘s needed to completely
¥

¢cover the base, Figure ZZ(b),\ae—-egn bracket the area of the base:

The average of the smaller and laréér_ bracketing valu\es is

o

4 cm2 < ‘area of bage < 18-cm?

?
B

>usua11y a good approximation of the area of a region. In this case,

Multiplying the area of the base (11 cm?2) by the hei&t

r

>

4_ cm2 + 18 cm2

2

=11 cm

2

»

(10 gg) gives us the\approxin'late volume of the éy.linder,

»

.

g

’
o

11 cm? X 1Q.cm = 110 c®

~

7

_ To rerfnd yoursélf of hg';w to improve 'the bracketing, refw

Sections 3 and 4 of Qhapter 7 of the first year course.

&

L]

b

T

{\’\'



2-21

1] .

27. Fin'd the approximate volume of a right cylinder that is 5§ cm
high and has the base shown in Figure 28. .

Figure 28 °

s

" SECTION 5 VOLUMES OF IRREGULAR SOLIDS .

: E In the previéus section we leamned that we can use layers

to help us visualize the volumes of right prisms and right cylinders.

Suppose that you want to find the volume of an irregular

solid such as the lump of clay illustrated in:Figufe 29. Aga}n, you

P

~

Figure 29

-

. o

.-

can use layers to help you visualize its volume. Hov've“ver, there
’ . 1is no formula that gives a shortcut for finding that'volume because.

the layers are not all identical. | .

S 41
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/ By using the clay cutter you can slice the lump into layers
1 cm thick, as shown in Figure 30. You can see from {loure 30(b)

that each slice has the approximate shape of a right cylinder.
. ) - . (a) o Figure 30

-

(b)

“
& Note that you can use a centimeter grid to bracket the area

of the base, just as you did with a right cylinder. Figure 31 shows
the outline of the base of a slicg. Since 4 cm2< area of base<16 cm2 ;

the area of the base of the slice is about

»~ .
7 4 cmzt- 16 cmz - 10‘cm’2 \
. z s
S
' Figure 31 )
\ . o
i 4
. : 'd
1 & ~§.§w§sz )

i)

o

A




~
\

o

Aﬂd so, because the slice is lin thick, the approximate volume

of the sllce is , . ,

10 cm® X 1 cm = 10 cm®
A \ ) R -
To find the volume of the solid we must find the volume qf
each femaining slice and then add all the volumes. YO_I:I can use

this method to calculate the approximate volume of any solid so

long as you can find the area of each of its cross sections. -

L4 »

2l

28, Bernie cut a lumyp of clay into § layers. WIith his centimeter
grid he bracketed the area of each base and found:

Vs .

- Layer - Smaller Bracket Larger Bracket Thic;kness

Layer 1 14 cm2 33 cm2 ‘ 1 cm

Layer 2« I 12 cm2 29 cmz‘ ' 1 cm
Layer' 3 ) 9 cm 22 cm2 1 cm
Layer 4 7 cm "2l cm 1 cm

Layer 5 6 cm2 : 19 cm2 ' cm

What is a good estimate c}\he volume of this lump of clay?

Make an irreqular solid out of clay.- By slicing it into 1 cm

»

slices, estimate its volume.

\

- »

SECTION 6  A*USEFUL PROPERTY OF LIQUIDS

g7 - | N
] Water ahd other liquids have a very useful property. The

volume of a liquid stays the same regardless of the shape of the




@

container hdlding the liquid. This means that if we want to mea-

sure the volume of a liquid we can transfer the liquid into any con-

tainer we choose and then measure its volume. Furthermore, this

allows us to ‘measure the volume of any container — by filking it

t

"with water and then measuring the volume of the water. ' /
~ . .

Usdally we measure liquids in a rpeasuriﬁg cup or graduated

cylinder (see Figure 32). Each rf1arking along the side of the cup or

the cylinder-indicates the level of a certain volume of liquid.

(

Figure 32

Volume Estimation Game

that a container can hold. First, imagine that it is filled with clay. -

Figure 33 illustrates a method for estimating the volume .

. Next, in your mind, reshape the clay to form a rectanguiar solid

and estimate the dimensions of this solid. Finally, find the approx-,

imate volume by multiplying the qimensions together. / ¢
To check an estimate, fill the container with water and mea-

sure the volume of the water with a graduated cylinder.or a metric

measuring cup.



IMAGINE :

MULTIPLY :

3em
x Sem

. ‘sc—.m‘
Figure 33 - . X 05¢m

7.5 em?

or about 8cm ®

/s

Get together in small grqQups.

Your teacher will show you a number of common household
containers that'can hold water — for example, a'teaspoon, a teacup,
an ice-cream scoop, a coffee can, a soup can, a paper cup, a cake

[
pan, and so on.

Use the method shown in Pig'ure 33 to estimate the volume
of water that each container can hold. Then for each container,

average thé estimates in your group.

v
r

Next, use water to measure the volumé=that each container
holds. Use a commercially availablé graduated cylinder or metric
cup measure to measure the actual volume. (If-you don't have either
measuring device, you can make one by marking off leyels ’{re-
sponding to known amounts qf water like 25 cm3, 50 cm3, 75 cm3,

and so on.) . —

The group with the smallest total érror is the winning group,.
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29. If you look closely at the markings on a graduated cylinder,
- You will notice that they are equally.spaced. Since it gets{
wider near the top, the measuring cup shown in Figure 34 is
* not cylinder shaped. Must the markings be closer together } ~
or farther apart near the top/" ) . ]
L

)
2

Figure 34

Pt

30.. A certain measuring éontainer holds a maximum of 250 cm3 of
‘. water., A larger container is full of water. This water fills

\the mea‘suring container exactly 2%‘ times. What is the vol-

-

ume of water that the larger container holds ?

31: A measuring cup has sbmé‘vﬁte‘rfnﬁtﬁf and the level reads ‘-
' 175 cm3. A marble is dropped into the water and the lewel
‘rises to the 181 cm3 mark. What is the volume of the marble ?

9 32. A l-pound coffee can holds 1000 cm? of water. Suppose we

take a certain-sized paper cup and discover that eight paper

cups full of water exactly fill the coffee can. How much .
. water does the paper. cup hold? -

‘ 33. The water from 18 identical paper cups fills 4 identical soup
cans.’ . )

(aT’JHow' many paper cups hold just as.much water as one
+ soup can holds? " !

: 4 <
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(b) What is the ratio of the vofume of one soup can to the
volume of one paper cup ? :

2 '
~ - -
v

34/ (a) What is the ratio of the volume of one tablespoon to the
volume of one teaspoon? .

(b) If 48 teasgoons of water fill a cup, how many téblespoons
will fill a cug? . ‘ v ' CoT
35. Four soup cans hold.the same amount of water as one large
: glass. Three of those glasses hold as much water as one -

mixing bowl. How many soup cans full of water would fill
the mixing bowl ?

36. How many glasses hold the same vplumq of water as two bowls ?
(See Figure 35.) '

Figure 35 .

l‘(
-
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SECTION 7  LITERS AND CUBIC METERS -

8 4

» Wfi}i’do people use different units of length such as centi-
met‘\ers . rr_leters, and kilometers rather than just one unit? The rea-
soﬁ is that w‘e all prefer to use numbers larger than~ one and smaller
than, say, one timousand. This“js why we find it convenient to de-
scribe the length of a pezncil in centimeters, the length of & room in

fmeters, and the distance between two cities in kilometers.

When you are concerned with describing 3 eas, it isiponve-
nient to, use square centimeters for the area of-a postcard, square

meters for the area of a room, and square kilometers for the area of

)

a city.

2l

37." (a) How many meters are in 1 km?
(b) How many céntimejafs are in 1 km?
(c) 2.5 km equals how many meters? How many cm? ' L

(d) 1.8 cm equals how many meters? How many km?

38. (a) ' How many square ‘cSntimeters are in 1 m2? .

(b) What is the area of your classroom in m? ? In¢m2? .
v ! . . *

3

. 39. (a)" A chalkboard is 2.40 m long and 1.20 m high. What is
its area in m2? Incm2?.

(b) In which unit do you pfef_e‘r to glve the area of the chalk-

board?

] .As you already know, 1 m2 equals 10,000 cm2, Aréas of a

few fhousg:md cm? can be conveniently expressed in either cm? or
14 '_ ‘ ~ %
- . . .
45



2-29 : .

mz. And so there s no need for a unit between cm? and m2 How-

ever the situation Is different when we work with volumes.

A cube that is 1 m on the edge is 1 C}lbfc meter (1 m3) and
has a volume of 100 cm X 100 cm X 100,cm = 1,000,000 cm3, A
cubic meter is too big a unit to express the volume of many house-
h(old containers such as pots and Huekets. Or°1 the other. hand, a
cubic centimeter is too small a unit. Therefore, we use a unit of
volume betweefr two: namely, the volume of a cube 10 cm on the

edge. This unit is called a liter, angd it is abbreviated as ¢{.

.
. .

~12=10cmX10cmX10 cm=1,000 cm3 i

‘e =

A liter is a little larger than a quart. If you know how large .

LY

a quart {s, you can visualize how'large a liter is. . .

-

The liter is so widely used, particularly for liquid, that
i 1 cm3 is often referred to as 0.001 liter and 1}5 written as 1 ml :

(1 milliliter).

/ . fw '
/
- L3 ’
. . Q}a :

*40.\ \A\box has dimensions of 75 cm, 80 cm, and 50 cm.

v

(@) Find the volume of the box in cm3, £, and m3;

(b) Which description of the volume is the most convenient?

s
f . . - .
\/ N
. 4 . - -
.

’ -
41. Suppose that you cut 1 m3 up into cube$ 1 cmon a side.
Next, you stack the cubes into a tower that has a square '
base of 10 cm on a side. P
, (aJ How tall would the tower be ?
7 (b) Would this tower fit into your classroom?
b}

u‘z T : X 49 '
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42.

(c) What is the total surface ar

(e) Suppose that you were unable t

2-30

{
e s
< 1

7
(c) Would this tower be shorter or taller than your‘s‘éhool,?‘
(d) Could you rearrange this tower so thatW;
your classroom? . ‘ ‘ 4

A certain kind of tent comes wlth a set of metal poles that

fit together to form a skeleton, illustrated in Figure' 36‘(a)

and with-a large piece of canv to go over the skeletdn.
When the canvas is laid flat, oks like the. pattern shown -
in Rigure 36(b). The tent, when assembjed, measures 175 cm
long, 130 cm wide, 130 cm tall to the highest point, 65 cm
tall at the sides-, and 92 cm alohg the slant of the roof.

See Figure 36(a). X

| P »

Fidure 36 , ’

|‘—l30cr9—-7’l . R A -

(a)

o

>

-«

of the\canv«_sis ? =
t when it is assemb’le’d{

urchase a.tentthat has

(d) How big is the voli:me of the

these dimensions and vo
to know the information obtained'from parts (a) thréugh (d).

N

why it would be useful.
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45.

46,

»

%‘ ' mﬂx%/p—"«—

.
Ty
-
L

A paint company sells paint in 4-liter (1-gallon) ¢ans. The

compand'y claims thag this paint will cover 37 square '{neters

of wall (400 square feet).- How thick (on the average) will ~

the paint be if it covers as much surface as advertised?
!

¢ o

The New England Aquarium p’ublicizeé that it has aquariums
totaling 2 million‘ liters of ater. ‘ !
ki 4 y

(a) How many cubic meters of water is that?

(b) Almost all of this water is in one cylinder-shaped tank’
that has a base area of 125 m2. How tall-is that tank?

The largest building in the world is the Boeing Jumbo Jet
assembly building in Everett, Washington. It has a volume
of 5,820,000 m3. How many liters of air does the building

hold?
The G]a;Wall of China is 2400 kix long and averages 7.6 m
in height and 6.0 m in width. Estimate its volume.

-~

(€45
3 et

“
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SNEDWERSJOERTEN

" SECTION 1 LARGE NUMBERS

2

We saw in Chapter 2 that calculafing volumes often involves
lafge numbers. Large numbers also occur when we'\{/vorlg with areas
of states, populations of countries, budgets o; cities, and ‘many
other toplcs: For example, the area of California is approximately
400,000 km2, the populdtion of India is about 600 million persons,
‘and the amount oi/émey New York City spent in1973 was $10 bllllon.

-

Note that when we write such large numbers we often use
terms like "approximater“ or "about " We do this for one of two
reasons. In many cases amlmate value is all we are inter-

—

ested in, and in other cases the exact value ls not known.

»

. When we have a number in the billions, we may be interest-
ed only in the billions « ] Therefore, in writing the number, we prefer
to use‘the label "billion" rather than to write out all nine zeros as

20 of in

place holders. In tables we foen see "in thousands of km

millions of dollars" printed at the head of a column.v This is also
p 4

done so that we do not have to write out zeros or other digits.as

N oE “ -
place holders. ‘ > P
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" .

1, On a.“hrghway there i{s a sign that reads ”Entermg Mathville, - h

pop. 13 871." ’

" (a) How accurate do you think this number can be?

(b) How would you express this number in a way that would

indicate that you know it only approximately ? ’
2.~ Do you think anybody knows the present population of India -

to the nearest million? Nearest thousand?

-

3. Colorado is a mountainous state with an area of 269, 000 km?2,

(a) How accurate do yJu think this number is?

(b) How would.you write this number so that its lack of accu-

,racy is recognized ?

- ~ ~~ ~

4.  The population of the United States is about 200, 000,000.

(a) Write this number using the label "million."

+ (b) Write it using the label "thousand."' |
— ) ,

5. ‘Using the following labels, rename the number 3 600,000.

(a) thousand ,

(b) hundred thousand . "

" (c) million > . \ . : | -

6. About 2,300,000 copies of the magazine Sport.s Illustrated

are sold each week. How many millions of copies is that? .

How many thousands? Do you think that the same exact

number Jf copies is sold each week? AT "L
7. When the Hoover Dam was constructed a lake was made that -

contains 36,700,000,000 m3 of water. . ' s L0

(a) . How accurate can this number be@
\ I}

(b) How ,manf l_<m3‘ of water are contained in the lake?

©

< -
-
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'Use Table 1 to answerdHKe following qhestibng. BN

" (a) How many chickens were raised in Rhode Island in 19727
. How many eggs were produced that year?

(b) Whtct;is larger, the number of eggs produced in Rhode
Island in 1972 or the number of chickens raised in Maine dur-
e year? ’ - .

-

(c) The number of chicken§ raised ifi Pennsyivania in 19727
was 13.3 million. Compare this number to the total numb<gr/
of chickens raised in New England during that year.

(d) Approximately how many more eggs were produced in New

Hampshire.in 1972 than-in 1971 7?

AN

.,/ >
TABLE 1: Eggs ‘and Chicken Productlon in New England States,
‘1971 and 1972 ° ,
‘ ' Eggs praduced Chickens raised
State (in millions) (in tousands)
1971 1972 1971 1972
Conhecticut 830, | 9 | 3.6200 | 3,320
| Maine 1,368 | 1,402 5,423 | 5,886
Massachusetts 513 - 535 1,959 | 2,200
.| New Hampshire 312 313 1/%30 | 1,255
Rhode Island .70 |+ 57 245 160
Vermont 96 | 114 469 479
-7621 3,189 [0\3,345 | 12,946 1 13, 300

f

States: 1973.

r

Adapted from a tablé that appeared in U.S. Depart-

Source:
‘s - ment of Commarce, Statistical Abstract of the United

1973.

(94th Edition] Washington, D.C.,

‘E@’/q

)
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- 9. Table 2 shows the approximate areas of several states in the

U.S.A, '
TABLE 2 -7 !
State /1. thousl:rnedas of km2)

) s .

. 1450

26

. . 13

Michigan' 147

| . Arizona ' _ 294 k
- Rhode Island 3,
: Colorado ~ 269

A}

< (a) What is the area of Rhode Island in km2 ?

. . (b) . What @ the difference hetween the area of Arizona and
. the“area of Michigan?

0

ié By how much is Alaska larger than Iowa ?

e f .
SECTION 2 \—VISUA_LIZING LARGE -NUMBERS

. . ’

» Suppdse that you could earn ten dollars an hour and that you =

.worked fo; 10 hours a day, 300 déys a year. *~ How long"would it take » "\

you to earn Ene million dollars ? Workmg 300 days ayear forl0 hours

-

a day you would work
3 hundred X ten = 3 thoueand hours
Your annual eémings; would be

3 thousand X ten = 30 thousahd dollars
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The?oré, it would take more than 30 years to earfi one milliondollars.
f . ,

How 1dng would it tdke to earn one billion dollars? ‘Since

.1 billion =1 thousand X 1 million "

it would take one thousand tlmeg as long, or over %0 thousand years

to earrone billion dollars!

;

> -

¥

Large nur;}bers such as 1 billion or even 1 Nlllon are diffi-

cult to imagine.'. Aﬂgood way to help us visualize such large num-

bers is to think of them as produc;:s of smaller numbérs with which

we are more familiar.

>

You can use*Tgble 3 to help yow calculate some products

that lead to large numbers.

" TABLE 3
e
. , " Ten .
X Ones Tens Hundreds | Thousands
] . . - | Thousands
Ones ° ones _tens hundreds |thousands ten
.thousands
; . ten hundred
Tens tens hundreds |thousands thousands’| thousands
Hundreds|| hundreds |thousands ten / hundred . millions
. thousands | thousands )
ten hundred” : ten
Thousands || thousands ‘thousands th\ousands millions millions
n _ [Tten hunidred millions ten hundred
"Thousands || thousands | thousands millions millions
n )
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Each square in the grid shown in Figure 1 contains one dot
and is 1 cm‘on a side. Suppose that this grid extended 10 m
across and 10 m vertically. What would be the total number
of dots in the grid?

' »

\ i
. ¢ o [
Figure 1 -
) o ()
TN
® {9 o %

11. Suppose that you walked 5 km in one hour for 10 hours.a day,
300 days a year for 10 years. T :

(a) What distance would you have covered"

(b) Hqw many times around the equator is this ?
/ (The equator is about 40,000 km long.)

thousand km. To visualize this distance yol might think of

12. The distance from the earth to the rﬁooh is xbout four hundred
it as-the following product:

Distance ea{th to moon=

(distance New York to Detroft) X (number of trips)
- S

LY
3

. The distance from New York to Detroit is about one thousand km.
How many trips wotild you have to make _between New York and
Detroit to cover a distance equal to the chstance betweén the
earth and the moon?

Q7




Xpaper manufacturer produces 45 billion sheets of paper a
vear. The sheets are packed in cartons that contain 5 thou-
sand sheets each. The cartons are shipped on 300 working
days. '

(a) How\ many cartens does he ship a year?

(b) How many cartons make up an average day's shipment?

N

(c} Write the number of sheets produced in a year as the
product of the number of sheets in one carton, the number
of cartons in an average shipment, and the number of work-
ing days in one year.

A

If $100 billion were evenly distributed among 200 milli,on
people, how'much would each person receive?

¢
[

Suppose that ygu have enough cubic-centimeter blocks to
huild one large cube whose vofume s one cubic meter. To
put €ach block insplace takes you only one second.

(a) If you work nonstop for ten hours, how many blocks will
you have put in place?

(b) Do you think that by working around-the-clock (without

stopping to eat or sleep) you could finish building the cubic-

meter block in five days ? About how many days do you think

it would actually take?
i

.

How good are you at guessing how big’a number is? Make
a chart like the following and put a checkmark in the column that
you think gets you "in the right ballpark"” for each row. Where

possible, think of the number that you are estimating as a product -

of more familiar quantities. You may use almanacs, encyclop {iias,

or other sources tq resolve disagreements.
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" LARGE QUANTITIES

Thousands
Ten

Thousands
Hundred

Thousands
Millions

Ten

Millions
Hundred
Millions

LABELS
Tens
o Hundreds

Distance in km across U.S.
from Atlantic to Pacific

Number of cars manufac-
tured in the U.S. last year

Populétion of the
UQ SQ S . Rl

. Number of leates on an av-
erage-sized tree in summer

Number of stories in the
world's tallest building

Distance in km from the ° ) S ,
from the earth to the sin '

Number-of high schools
in the U.S,

" | Number of stars in the sky
- | visible to the unaided eye

Population of S
. New York City

°,

SECTION 3 APPROXIMATING PRODUCTS OF WHOLE NUMBERS

§ f ° «
B L——" You should be able to calculate simple products such as
30 X 200 without using paper and pencil. A good way to do this is

" to do the multiplication in four steps.

»
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- Rename the numbers by using word labels

-Step 1.
‘so that each number is one digit times a
label. The product 30 X 200 becomes :
) 3 tens X 2 hundreds.
- b
Step 2. Multiply the twe digits, 3 X 2 = 6.
. Step 3. Multiply the values represented by the )
R word labels, tens X hukgdreds = thousands.
Step 4. Put eVenfching'together:

. [ ) 3 tens X 2 hundreds = 6 thousands.

’

Dy - . ¢ ) e

The reason for using word labels in renaming numbers is to
make it easier to do the multiplic‘ation mentally. Ygt is easie: to re- "
member that tens X hundreds = thousands than to count zeros in your'

‘  head. . , / -
You can use Table 3 to find products such s tens X hundreds,
. \ '
However, the better you are at remembering the table, the more

quickly you will be able to do such problems in your head.
. . ' L3

) s '

@ ' ' - W
! v . .

16.  Calculate the following produc-ts. (Try to do it m'entallyea') : ‘e

>

~(a)
S

. (c)
(d)

(e)

2 ‘tens X 3 tens

2 tens X 3 hundreds
4 .on’es X 2 hundreds
4 tens X 5 thousands
6 hundreds X 5 hundreds : . . | ~




17,  Calculate the followingaproducts without using paper and
pencil-.

5 ' < £ .

(b) 20X 50 \ S

.(c) 200 x 40 ‘ .
. i .
(d) 6000.x 100

(e) 3000 x 3000

’ (a) 40xzo *

! .

Hl Calculators are very handy for finéing multidigit products.
wa‘evqer, one wrong punch of the\ key can produce a corripletely u'n-
reasonable answer. To see if the\answer is reasonable you do ‘not
need to redo the. calculation. You can simply approximate the prod-

) uct and compare the calculator's answer with the a‘pproximatlon.

LN

-~

Suppose t‘ha't you niultiply 238 by 34 on a calculator (or by
‘ longha"r;d on paper) and you read off 1292 as the answer. Can this
'b,e correct? To check your answer you round off 238 to,Z00 and 34

to 30. Multiplying 200 X 30-mentally gives you
200 X 30 = 2 hundreds X 3 tens = 6 thousands

Clearly 238 X 34 cannot- posgibly equal 1292. "An error must have

been made in entering the numbers in the éalculatqr.
. .

e ' e

2 Of course, small errors cannot be detected by this method.
But as we said at the beginning of this chapter, approximate an-

swers are often sufficient when dealing with large numbers.

T 3




18.

19,

20.

(c) 6,400 860 =5, 504,000 ‘ S

3-11 - _ an

Round off eachgj/the following numbers to one nonzero digit™ "
and the correct place valye. ‘

(@) = 8,324
(b) 3
(c) 58

(@) 256,000
{e) .76,120
(£) 985

A}

Approximatg the following products. (Try %o do it in your fiead.) "
(@) 46x22 - .

(b) 225X 67 . —
(c) 6,400 X 25 '

(@) 2,300x 975 L , X

(e) 52,000 X 3,600 , o -

’ /
Without doing the calcula:clons, determine which of the follow-
ing results are ?Ilnltely wrong. Why?
(a) 52 x 37 =-6{426 B} )
(b 14°% 78 = 192 ’ oy

(d) 450 x 320 = 14,400
(e) 75,000 x 3,300 = 247,500,000

ld

> 62 : i




SECTION 4  EXPONENTIAL NOTATION

T Look back-at Table 3. Note that in the "tens” column the
valqes follow a distinct pati:ern: The value of a given entry is ten
times the value of the entry above it. Writing digits instead of

words,-we have * - o

100 = 10X 10
1,000 = 10X 100 = 10X 10X 10 '
. .10,000 = 10X1,000 =

10X 10X 10X 10

» " oV ——

Any number appearing as part of a product is called a factor.
In the product 10 X 10 the number 10 is a factor twice. For prbducts
such as 10 X 10 where a factor is repeated, we often use a shorthand

notation. We write I0 X 10 as 102, The raised 2 to the right of the

10 is called an exponent or a power, and it tells us how many times
the 10 is"to\be used ds a factor. When a product’is written using

exponents we say that it is written in exponential notation.

{
The numbers in the sequeflce a\

10 190 1,000 -+10,000 100,000 1,000,000

can be expressed as products with 10 as the rebeated factor and can,

therefore, be written in ekponential notation as

10~ 102 103 104 . 10 108y

‘

(We can write 10 as 101 because we can'think’c‘)} 10 as a pro'auct,
. - 5

10 X 1, where 10 appears as a factor once; but, we have no'need‘ to

write 10 this‘way.) - -

b

& 3 gy ﬁ
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The written symbol 104 is readias "te;l to the fourth."” 'fhis
is real}y short for "ten to the fourth‘power " Slmilarly, 109 is read

as "ten to the ninth." The number 102 is read either as "ten to the

second" or as "ten squared "

;@ | ‘. B
2l. In exponential notatton write the number of cubic centimgters
in

°

(a) one cubic meter

(b) one liter
N . .
22. The area of Canada is about 107 km&. Write this numiser in )
words. : '
Y] 2 o
23. In 1972 there were about one hundred million automobiles reg-
istered in the United States. ’ A\

(a) Write this number by using zeros.

(b) Write it in ex\ponential\form. o

' . - a . . ?
24. Which is larger?
(a) ten thoudard or 1057 L 1
4/~ {b) 1,000,000 % 1047 '
(c) 1010 or}b_ill\ion? o - :
'y ) N ’ -~ v
. 25, How many thousands are in 104 ? ‘
7~ O ' ,
' o We saw how by using exponents we can write powers of ten
po " ina cémpact way. We can also éxtend this shorthand to numbers
.that are not powers of ten. For exa‘mple, the distance from the - :

©

l . ¢

| 64 X | |
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earth to the sun is 150,000,000 km.  Since

* ' § 150,000,000 =1.5X 100,000,000

. we can write 150,000,000km as 1.5 X 108,

\ . »

L]

"Any Jlarge number can be broken up into a product of a smaller .
“
number and a power of tei'r The smaller number is called the coeffi-

clent of the power “of ten. In 1.5 X108 the coeffLCLent is 1.5 and

108 is the power of ten.

" Ther€ is-a general procedure for finding the correct power of

. ‘ ten for any-given number and coefficient. Suﬁs’é that you wish to

v vyi‘lte 3,250 as 3.25 times.a power of ten, or

. , 1
R s 3,250 =3.25X 10 '

What exponent shoéuld be hlac:ed in the box? The exponent tells us
how many tlmes we multiply 3.25 by 10. The result of multiplying
by 10 once is that tl@ declmal polaht is moved to the right one place:.

<

L - T m2sx10=32.5 ‘ \
- Two multipllcatlons by a factor of 10 move the declmal point two ‘

% places to the rlght' ' ‘ "‘

3.25 102 = 32 o~
.‘ 5 A . , [N .’q (‘1\ < N

Here the declmal‘p&nt is not wrltten but ls imp'lled Multiplying by

another factor of 10, requlres the use of zero as a place holder. Again, .

-

&
the declmal point is after the ZEero:;

- k)

b~ g 3.25x 103 = 3,250

This is’'the ansv&er we are lookﬁfn'g for. Therefore, the correct e:fpb-

. - -nent is 3. - ) -
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We can summarize. this procedure as follows. When you wish

to write a number in exponential notation with a given coefficient,
count the number of times you must move the decimal point to the
right to change the coefficient into the number that.you started with.

~ . . .
The exponent is the number of times the decimal moves to the right.

-~ ’ . *

Here are two additional examples.
O S
3m = 3.6X10
L Here we have to move the decimal point 5 times. Therefore, 1 =s5.
- A {
O
250000,= 250x%x 10 -
\./\/\J . 2 -

In this example we move the decimal point 3 times. Therefore, D =

There are many ways to Write a large number in exponential

notatton: ¢
150,000,000 = 1.5 x 108
or ‘
150,000,000 = 15x 107
or '
=150 % 10°

150,000,000

and so on. You can always choose the coefficient when writing a
number in exponential notation and then find the correct power of

ten that goes with it. .

26. Fill in the box with the correct exponent. o
(a) 250,000 =25x 10 —— :

(b) 8,200,600 = 82 X 10[:]

S (=) 12,500,000,=125xf0D
0 ‘ .

3.
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- 27. Fill in the box with the correct,exponent.

(a) 3,600 = 3. 6X10D - f/J, :
D 7 .
P (b) 420,000 = 4.2 X.10 '
' : (c) ‘m(,ooo,ooo=1.8x10D ; ¢
. ' / (d) '890,000,000,000 = 8.9 x 105 -
“)r? ."'“ * ” >

28. Fill in the box with the correct exponent.
/ (@) 1,256=1.256x 10
> (b) 80,000=0.8x100 ' )

(c) 250,000,000 =25x 10U r

(d) 250,000,000 ?.SXIOD é

. R .
..,

A

29. Write these numbers by-using zeros, ‘
(@) sx106 -,
() 16 % 102
(c) 5.6x 104
(d) 4.55x10°
(e} 8.6x 109 ' ' v

-

. . SECTION S SIGNIFICANT DIGITS AND STANDARD NOTATION

' k‘ You know from your work with decimals that 2=2.00, ;
. 53.6 = 53 60, 62.1 = 62. IOOO and so on.. In short, you can write
, w as many zeros as' you wish after the last dMt on the'right-hand

side of the decimal point without changing the value of the number

Lot . . o L ~ N
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Since these zeros have no purpose when we deal with abstract -nums

bérs, we usua «do not write them. , ) .
The situation is different with pumbers ‘that commumcate
results of measurements. A length reported as 87 cm tells us that
the reporter knows the/length only to the nearest centimeter. Had
she reported it as 87/"6 it would mean that she knéw the length to
the nearest tenth of a centlmeger. Slmllarly, if you make a rough
estimate of the capacity of a i)ottle to the nearest tenth of a liter,
you might réport it as, éay,'l.z IBA careful meas.ureme‘nt mIaht
show;v that the ca%acity is 1.205 2, However, if the mo}e careful
measurement shows that the capacity is 17272 to the nearest thou-

lsandth. of a liter, then the correc;way of reporting if is 1.200 ¢.

~ ) ’
If th/‘measurement is sufflclently preclse, it is generally
an accepted convention to write a zero even after the last digit be-~

yond the decimal point. This tells the reader that th}digit at that

place is known to be zero.

. S N

)/‘k Suppose you measured the width of a card to the nearest tenth

. of a centimeter. Which of the followlng wolld be a correct
statement of your results?

(a) 6 cm ) .

(b) 6.0 cm )

"(c) 6.00 cm- e C % ‘
vt , RN ‘ .

L J,

L7
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32. “Whigh of the following statements report measureme%o the
‘nearest tenth of a meter? .

(@) 87.40 m
-(b) 62.0 m
e) 757.2 m
() 430 m -
() 2.0m

» 4 Within the convention we just described, a zero in a number

such as 3.80 m tells us that we kwow the number tothe') nearest hun-

-

NN

‘The situation is quite dtfferent in a number like 120 cm?.

dredth of a meter, ° ) e

Here the zero may mean that the number is known to the nearest
square centimeter: that it s indeed 120 cm2 and not, say, 122 cm2.
On the other hand the zero .may only indicate the place of the dec1<

mal point. In other words, _its only purpose is to show that the num-

),ber is known only to the nearest ten square centimeters,
. . . .

{

A

In the first case we say that the zero is slgniﬂcant', it
means what i says just as any other digit does. Nonzero digits are

always significant; they always mean what they say. ‘

- B -

-
’ l
The situation is more ambiguous for a number such as 35, 000
Are all these zeros signlflcant'? Only the first two, or perhaps none"

It is clearly necessary to have a notation that rémoves this ambigu-

_ity. Such a notation exists and ls)called standard notation.
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Standaranotation is a speéial case of ex._ponential notation in
which the coefficient has one nonzero digit to the left of the -decd,mal
. boint. For example, t'he number 380,000 can be written in standard
notation as 3.8 X\1'05, or 3.80 X 10°, or 3.800 X 10° -—’depend‘ml{?n
ww'\héz\‘ixfmanx'digits are sighlficant. Note that 380,000 can also be
\. o h . -
' wrjtten as 380 % ,‘103 . However, this form of exponential notation
T does not remove the ambigufty. ) ' |
(@] o
\\\\ s ‘ )
33. In each of the following numbers none of the zeros is signifi-
cant. Write each number in standard notation. ‘
‘ (a) 5,000,000 y
' (b) 700,000 .
(c) 8.%00,080 ' T
7 « PN (d) 3/,650%000 . )
v . . .
T . (e} How many significant digits a'r-e%;re in each of the num-
. S - bers in parts (a)-(d)? ° ' -
34. ' How would™you write one 'billion in standard ndtation.if only
one digitis sigglficant? -
; . 7. :
& ~
35. . In each of the folldwing numbers only one %Pro is significant.
) Write each number in standard notation. '
- ' - ([a) 610,000
' &b) 47,000 -
— < . . v
(e} 150,000 . | ’ J e

(d)
(e)

7>ioo~ | - o
20 '

5 ;
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: 36. Each of the following numbers has three significant digits.
Nte each number in -‘sta’n‘dar?otation. .

(a) 200,000,000

Rl

. . (b) 51,000,000
() -. 30,600 | .
(d) 507,000 - "‘ t.
(e) 81,000,000 ‘

37. Write eagh of the following numbers in standard notation to
/ show how many significant digits each of them has.

. (@) 3,600 km (measured to the nearest km)
. (b)

(c) 130,000,000 km (reported to the nearest mil‘lion~km)

"(d) $11,000,000,000 (reported to the nearest billion éollars)r

14,000 m (measured to the nearest hundred m)

© 38. The distance between two cities is given as 2.5 X 103 km.
' Express this distance in metgrs. Has the number of slgniﬁ-
cant digits changed?
- ~ -

39. Inthe number 1.40 X 108, the "1" is in the millions place,
‘ the "4" is in the hundred thousands place, and the "0" is in
= the ten thousands place. Identify the place value of every

digit in each of the following numbers N
3
(a) .-3. 50 x 10 . ;o o
. () 4.06x16° : " ;
o (c) 9.0g5x10% . >

|

. . ) / >
o * 40. If the population of a state is correctly written as I %x 105,
you know that it is precise to the nearest ten thousand per- -
son How pgecise are the folldwing data ? ) : T

‘(a) The population of.the People's Republic of China in 1970.
/ s " .was7&d><108 . .




¢ -

(b) 9.66 x 106 p'assenger cars were produced in the- United
States in 1973. . = J

" () In1974 there were 1.625 X 107 head of cattle in the State
of Texas.

(d) In the 1972 p‘restdenttal election, 7 8 x 107 people voted.

(e) In1973 the t.os Angeles Times printed 1.0 X 106 news-
papers daily. -

41, Turn back’ to Question 3 of thts chapter. To how -many sig-
' nificant digits do you think the area’of Colorado is given?
Use standard notation to express the area of Coloradd.

v

42. ,Referripg to Question 7 of this chapter, write in standard no-
tation the number of m3 and the number of km‘? in the lake
made by the HooverDam Theé number given has three sig-
nificant.digits.

, 4

43. According to the 1974 edition of the Guinness Book of World
Records, the largest recorded number of consecutiwe sit-ups

° done on,a hard surface without feet held-down is 25,222.
These were done by an eight-year-old boy in Idaho Falls tn
1972. ‘

b {a) How many signlftcant digits are indicated in this record

-~

”~

number of sit-yups? > @

(b) Is there any advantage to writing \thls number in stand’ard
notatlon'>

’ ’

v

SECTION 6 ' MULTIPLYING AND DIVIDING l\ﬂJMBERS. IN
EXPONENTIAL NOTATION

‘ Ltght travels 3 X 108 m in one second. How fag does it travel -

in two seconds" To answer this questton we multiply 3 X 108 by 2.

The’product 2 X (3 X 108) m actually ‘consists of two multiplications.
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N Slnce it does not matter which of the two multiplications we do first
we have . .
2x(3%x10%) m=(2%x3)x108 m=6x108m
.

° 4 - é d
* How far does light travel in one year or in about 3 X 107 sec~-

H
onds? Here we multiply 3 X 198 by 3 X107, Again, weé can rearrange
ﬁ + the factors in the product. . 2

f . K
.
-
'
1 . v

(3%x107)x (3%108) m= (3% 3) x 107 x 108) m ) -

[y > G
. Multiplying the coefficients gives us 3 X 3 =9, To see how

to’ multiply 107 by lO8 let us write out the factors of 10. The product
107 x 108 becomes '

3 C 107 108
: N A
r N A
lO><.10><lOXoloXlO><lO><lO><lO><lOXlele10x10><10X10 , -
© — Y, .
. W
t ls. -
’ " o
< ‘ . w
/Since in the product, [0 is afactor 7+8 times. we can write (
' ¥ 107 x108 51078 = 3015, . a

Putting everything together we have

v
|3

3 x 107) X (3% 108) m = (3% 3) x (107 x 108) m = 9 x 1015 m

What we dld in this example can be done with any two numllers ln . °
'exponentlal notatlon To find their product we multiply their coeffl-
cients and multlply the powers of ten The exponent of a product of

powers of ten equals the sum of their lndlvldual exponents.

¢ <L T e <\ . 73 — o “"{‘




'45.  Multiply:

Here is another example:
— ‘ —— N -
‘ ) ‘ ' 3 .

' (8 x 104) x (3:x 10 = 24 x 10°

Rl N y,

44, ‘Multllply: \ ‘ ‘
(@) 102 x 108 , ' .
b 103x103 ° y
(c) 103 x'y08

(@) 5x (17 x104)

" (b) 4% (56,1x104)
() (2 x10%) x @3 x 102)
(@ (4.8x10%)x (6x10°)
(e) (§.95x% 104) X (7.2 x 109)
(6 (5.82 x 103) x 102

-

46. Write the followlng numbers in standard notation by changing
the coeﬁficient to standard notatioh and multlplying the powers
. of ten. .

\Example 426 x 104 = 4.26 x 102 X 104 =4.26x106

(a) +733 x 103

> (b) 80.5x10°
.(}c) 520.1% 105

o~

v

I ’, 47. ~“Calculate the followlng products and write the answ s in

standard notatidn.
(a) 2x10%) x (6X10%) x (9 10
(b) (3.5 % 105) % (0.6 % 108y % (2.0 x 1017) .
() (5 x107) x (35 x101%) ¢ (4 x 108).

11) —_—
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f
s Q Suppose we want to divide 10° by 102, Just as with multi-

plication of powers of ten we start by writing out the factors of ten.

Yo 10x10><10x10x10

= 1n3.
= = X =
102 10 X 10 10X 10xX10 =10

-

Note that the exponent 3 in the answer is the difference of the expo-
nents 5 and 2 in the quotient.. Let us look at anot,her‘example:

106 10x10x10x10x10x10

— 102
109 T 10 x 10 % 10 x 10 =10X 10 = 10
\

A

Thése examples suggest that the exponent of a quotient of
powers of ten equals the difference of the exponent of the numerator

and the exponent of the denominator.

We can generally use this property when dividing numbers
in exponential notation. . <

Consider, for example, 8 X 109 divided byé X 102:
S S
. 8 X 10 3
. = =X Sy =4X

s X 102 102 - Ax10

Therefore to divide numbers in exponential notation we find
the quotient of the coefficients and the quotient of the powers of ten.
The answer is the product of the resultiang coefficient and power of
ten. '
48. Divide

' \ (a) 109 106

® 10




e
(c) 10%+ 10°

108

@ 13

/.

k]

49, Writekhe following numbers in standard nipt\ation.
_Examplé: 0.6 %105 =0.6x 10 x 104 = 6 x 104
(a) 0.8x105" |
(b) 0.05% 108
() 0.32 x 102

) » . ¥ . hd -
50. Divide and write the answers in standard notatjon..

4 x 108 z
(a) =
2 X 10

b) (@.75x107)+ (2.5 % 103)
(o) (6.21x 10%) 4§ (3 x 102)
% 106
@ X2
1.5% 10;

4.536 x 108

(e)
8.1 x10°

+

51. .What is

~

(a) = of (7.56x%1010)7

b) = of (6.32 X 10°)?

{c) ﬁo'f (32.5 % 109)? ,

[ f
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. 2
‘ 4 %10
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52‘. Evaluate the following expressions.

(@) .2X 10%) x (5 x 10!9)
. 3 x 108

) (8 x 10%) x (2.5 x 108) ,
16 % 108 . ot

(b

’ =

@ 3:12x10%x (.1x10%) \ oo
e ', 7
53. What errors were made in calculating the following products?
(3 (2x10%) x (3x105) = 6 x 1015
(b) 2 x (8x103) =16 x 108 |
(&) (3.1x108) x 2 x 105) = 6.2 x 105
54 VQhat errors were made in calguldting the follov;rmg auotients ?
(@) (8x1010)+ (4 x 105) = 4 x{102
(b) (45'%10°) + (5 x 103) =/8 x 108
(c) (32.4x108).+ (4 X 10?) = g.1x 104 . . \

.

oo

’—._/ ) N
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SECTION 7 SIGNIFICANT DIGITS .IN PRODUCTS AND _IN
QUOTIENTS

Jo

-

N

' 1 v
» Q Consider a rectangle of 4.7.m by 5.68 m. In this rectangle ]

th‘e le‘ngtku:s known to two significant.digits whereas the width is
known to three significant digits. How many significant digits
should be reported for the area? Speciﬂcall;y', how many significant .
digits are there in the produc\\A\.Zj 5.687 . vt




¥

o

Consider another question, th.is one involving division. The

distance from the earth to the sun is 1.49 X 1011 m; light traveis

3.00 x 108 m in one second (sec). How long does it take light from .

the sun'to reach the earth? To answer the probiem we calculate thex
1.49 x 101! ™ ~

quotisnt W Here the distance from the earth to the sun .

) ) Y
and the djstance light travels in one second are given to three sig-

nificant digits. To how many significant digits should we carry out
the division? '
b ‘ >
No calculations can produce results that are more accurate
than the data used in the calculations.. For multiplication and divi-
sion, it is.good to x:ememb'_ei‘ a simple rule of thumb: The number of
significant digits in the product or the quotient of two nunibers is
not more than the number of:fsignif[icant digits in the less accurate - -
of the two numbers. . ’ i
/ | o ~ :
. The less accurate ;1umber_in the first 'qiiestion has only"two'
significant digits. Therefore, the result should be reported to only
two significant digits. 4That is, the.area of the rectangle is 27 m2
" instead of 26. 696‘3_,m2 .

-

[

In the second question both numbers are given to three sig-
’ <

nificant digits. Therefore, the time it takes sunlighf to reach the
earth is 4.97 X 102 sec and not 4.96666 X 102 sec.

. - s
) - x

In practice we usually carry out divisions to one more digit

&

~than we need and then we rohq, off. For multi_plication, on the

\

"other hand, we do the entire multiplication before rounding. Y .

»
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55. Inl972, 8.8 million passe\nger cars were sold in the‘Unlted
- * States. Assume the average length of a passenger car to be
5 meters and calculate the length of a caravan made up of
all these new cars. If the caravan started at your city, to
what other clty would it extend?

56. Inthe film 2001, alspaceship traveled from our moon to one
of the moons of Jupiter. Let us'suppose this distance is .
about 2 X 109 km and that the ship could travel 3 X 104 km
each hour. How much time will it take the spaceship to make
this journey?

57. The total number of .checks that pass through the Feder'} ’
Reserve banks each day is 4 X 106, and their total valuéd'is
$4.2 x 109. What is the average dollar value of each check ?

. . & .
58. MacDonald’s claims to have sold 15 bllllo .hamburgers over
a twenty-five-year period.

(a) If evety person in your school ate 3 ham'buréers a day,
how miany hamburgers would be eaten in a year?

(b) How many years would it take for them to eat 15 billion
hamburgers.?
. L X .-

¢

59, Measured in number of books the largest university library
in.the United States is at Harvard University. It has 9 X 106
books. About how many meters of shelving do you think are

/

- ]

in the llbrary" ] . ) \

" 60. /h{d
(a)

lameter of the earth ls about 1.3 X 107

late the volume of acube-shaped box in which the
earth fit. '

(b) The actual volume of th h is about one-half that of
’ the box that could fit around lt. What is the approximate
volume of the earth in m3?

() The volume of the sun is 1.3 x 106 times the volumé of
the earth. What is the approximate volume,of the sun in m3?

, '\
.79
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SECTION 1

NUMBERS LESS THAN ZERO

R g

@]-.

1.

,

_—

'y - Co

- For each box in the following senténces declde what numbers

you can fill in that make sense.

(a) ]‘ennlt‘gr has D cats.

-

-

(b) Bruno went to the movles‘D times.

() There are [] windows in the roo‘m.\'(

-

\

)

~

For the boxes in the sentences below what numbers can bé

se tn these sentenc?

that would not make

(a) "Maria has D dollars in her purse.

(b) ThE bucket contalns D liters of water. e
() Th

?

.o

-

BN

uest.lon l? . \

car moved a distance of D metexg.

~

4

_filled in that you think make sense?’ Are there any pumbers
¥that make s

'sense in any of the sentences in

All the boxes'In the sentences in-the précgdlng questions’

o haVe one property in common: The smallest number that makes

sense in any of the boxes is zero. If we put the numbers on a lifie

o

5N




¥

-

[y

- (/ o ]
that make sense in the boxes in Question 27 they will all be on one

. side of the zerp (Figure 1)- . ) \

—

t - <

\ 4
’

(@) +———a— DOLLARS IN | PURSE
0. 1 .2 3 4. .
Figure 1 (b) A—p———t fd LITERS OF WATER
0 1 .2 3 4 '
’ ~ . “ - -
. . (¢)  $—r—p————t—t METERS
v 01 2 3 4

! , . ' X . ’
}(- A J, P ,
THere are, however,\__gnany real situations in which numgers
on both sides of zero,make sense .~One example is {llustrated in

Figure 2. As‘v;e*afl know, a tem{perature may be 10° C*above zero

.. ’ ,or 12°c belg_v_v, zero. No matter where we are, the temperature rises

—~r—

as we move up the temperature 1‘594 For example we can see that

20 above zero < 30 !above zero

and ‘ . R
— : -; 0° <10° above, /-

T , * ABOVE o - o
- " TEMPERATURE IN’ ,
Figul‘e 2 DEGREES ( Oc ) . 4 - _ /\

" BELOW




a -1

-

%W ¢

. 20° below than when it reads 10° below. )

™

Similarly, as the temperature drops we see on the temperature line

"that / )
. ¥ ’ o
) §

20° below < 10° below

and

(Indeed, we all know that it is colder when the thermometer reads

Now we will constder another example of a real situation in

10° below < 0°

L o4

<

4

-

/

which{\@ers make sense on both sides of the zero. Assume that . -

you have a sister who was born-4 years beforé you and a brother

who was born 3 years after you.

a line with the zero correspondir_xg to the year you were b'orn,‘ the

line would ex’tend-on both sides of the zero.
- . * . o

If 'you want to put the numbers on

See-Finge 3.

Figure 3 - \
’ . ? “ | T € !
1 1 1 1 KN 1 1 ‘\ 2 ‘2
MK v v v ¥ L] 1. \ L Al -
4. 3 2 1 0 - 2 '3 4

.

YEARS BEFORE .

YOUR BIRTH - W

YEARS AETER
o Sp—
-YOUR BIRTH

5

Youecan also se\§ on this years linéhat‘a person born 1 year

after you was bosn before the perSon#born 2. y&s\aﬂ:er you; thatsis,

( 1. . lyeax after < Zpers after

Similarlys, someone born 3 yéars before you was bom before the v

person born 2 years before ‘you; that is,

.

82

1

i)
@

/?}éars,before <2 years befor?e _

o

k]
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i On any number line representing time, an event that occurred s
. ¢ . N 1
later than another is always to the right. of an event that occurred
N ‘ ‘ R - v \ 4
earlier. ’ '

- 4

<

L3

In mathemattcs wh\ch we use tn all kinds of situations, it
is customary fo call the numbers on the number line to the right of?
zeto gosltive and those to the left of zero ggattve When a number
ltne is drawn vertigally the positive numbers are placed above zero 3

™ and the negattve numbers below zéro. ' . ) -
~ ¥ .

We wtll be denoting a positive number by a + sign and a#
negative number by a ~ sign on tHe left side of th® number. +6 is .
read as "posittve six," and -1.5 is read as "negative one and five- \

 tenths." ‘Positive and negative numbers'together are called signed .
i

numbers. o s

. re * ) . ’ .
* - . ‘ . . . .
- . ‘ « : ’ ' i » L4 \ "

3. Suggest some other examples of numbers on both sldes of zero Lo
that state real situations. . . ' ' .
. : ' ke
4. Represent the following facts on tHe same number line, or, in '
- this case, timg axls. . _

. L (a) -The Korean war started 9 years after the United St%tes
‘ : , entered World War 11, |

b) World War Al started 2 years before the United States -

- ) . entered it. . : N

(c) World War I ended 23 years be,fgre the Untted States
o entered World War . . . N

. . (d) The Uhited States sent troops to Vietn‘am 20 years after
the United- States entered World War II. "

- Ut .- - N ¥ , =

.( ’ y




5. On a number line plot the following- milestones in the history:
of avlatlon ‘and space travel. Consider the date of the first
. _human space travel®r to be zero._

’ 1927‘ _ Charles Lindbergh makes first solo airplane fllght
‘across the‘Atlantlc Ocean,.

11957 - First man-prade satelllte, Sputnik I, is launched.
1958 First U.S. satellite is launched.

; \

1961 First human space travelér (Yurl Gagarln)
1962 = First American orbits earth (Iohn Glenn)

. ‘lQ 6—3 First woman space traveler (Valentlna Tereshkova)
e,

1965 ‘Man "walks._in space "

[N

A 1966 First soft landlng is made on moon s surface by
ynmanned spacecraft

y +

1967 . American astronauts are killed on launch pad

1969 ’ " First man walks on the moon (Nell'Armstron

6. The elevations of cities and towns are expressed 15 meters
. above or below sea level. Plot the followlng data on an-
altltude line. L

A

City or Location ) Elevation in Meters
_ Botse X . R 820 ‘ .
Death Valley R -86 :
- "—D\fn_v_er‘,“m T et 6100
. Jericho - © 400
Ierusalem\ Co ‘ ., 769' : ,
Kansas City : ) 230
.. Mexico City - | 2240
_ New York " _‘i_ YA
' Philadelphia B 30
Tiberias . # =210 ] .

,/-

fire.




. ,
S ~— 426 Lo
; g ~ ‘
. "o o - . .( '
SECTION 7 - SIGNED NUMBERS AND VECTORS g S

o " When we deal only with natural (unsigned) numbers, we can
use the line segment between the number and zero to represent the
‘“ . . numl?er itself. Fo\exarnple, in Figure 4 the segment begween 0 and - /

*
4.can stand for the number 4. JPOES

-
b

e o

At

Figure 4 RO ms e
‘ 1

o
AL

v

3 L
o .

n

. / -As shown. 1n Flgure 5, we can also use such segments to rep-

- resent the numbers ‘without the numbeﬂine - -
' <. ) . 4 . R

o)

-

, - However, 'when we extend the number system fo include both
posltlve and negative numbers we can ncflongerf use a segument for

a slmple number. The reason is that the lengtn of the segment, say, _
between 0 and +3 1s.the same as the distapce befween 0 and -3 (see -

Figure 6). T
-y L0 ! . " ) - v

Figure 6 ——+F




\ \ @To distinguish between.+3 and -3, weca*turn the sgegments °
‘into ?rrows Arrows pointing to the right will stMd for positive num-
. . bers, and arrows pointing to the, lgft will stand for negative numbers.
| 'The length of the arrows will represent the s‘iEe or the magnitud e of
the number (see Figure 7). . . - | b

Figure 7 : ' '
e % c 1.3
- —h — +4.8

S Yoo ]

~ . A quantity that has a magnitude and a direction is® called a

o vector Veétors have many applications:, but outr immediatzinterest

""\_; > is in using them to represent signed numbers ) g Tl . .

AL . - .

o I . A N ’ .
I A
* . . ﬁ ) . . A
» L 3 . . ~ “ .
’ - )] +
o o= ca ‘ ..
.

1

Refer to the number line in Figure 6 to draw vectors represent—

. e 'ing the foliowing numbers. . .
. . . ¢ e I
« () -1.5, ‘ \ , "
. N ‘ R . . N » . .
- (b) . +5.2 : ' . , .
. (c) -0.8 S ." ’ t - ‘
. I i . : ' .
(d) -3o9 ' . P ] <Y g - ~'_’ I
) 8. In the following vectors -1 cm stands for. 1’ unit. What signed
o .numbers do these vectors describe? / -
'(a) -— A
k L ©o(b) - ' . - '
j . /\ s 0t . - Ay d ¢
% (c). = .. . .- - .
~ ’ . -~ ! . ’

@ = —
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SECTION 3 ' ADDING: SIGNED NUMBERS -

|
h\‘ How can Qe descrlbé the.addition of two positive numbers

in terms of thelr correspondlng ectots ? Let us look at an example:

. . s wIrHb2) = - (+5)

)

H

. s

In,thls case we put the, slgned numbers 1nslde parentheses to sepa—
> rate: them from the addltlon symbol .To do the problem using corre—

. spondlng vectors we can draw the following dlagram (Figure 8).

A

“#3)
+

&2)

J+5)

Figure 8

’ \

' A traan'slatlon\ of quure 8 into'words ‘reads as follovg:

v

Draw the Yectors that descrlbe the two numbers you want to
add tall to heag The Vector that starts at the tail of the first and
ends at the head of the. second descrlbes the sum of the two numbers.

This method ‘will glve the rlght answer for any fwo posltive

numbers you choose so 1&9 as ‘you draw the vectors to scale. An-

~other examﬁle is shown i Figure.9.

l; "‘ s . .. '.‘ .
a #3.0 x'10%9)

. 1.5 D04k .

. #4.5%10%) "

/

. Figure




9 We will be defining the additlon of stgned cpumbers whether
positlve or negative by the tail-to~head addition of their oorrespond-
P lng vectors. Here are some examples in whlch one or both numbers

are negatlve (Plgure 10). )

bl therefore

. o, B8 /“?" . . (+5)

, [ I S )
) . S L b o . .
. » ? L sttt . » . : 1.} ’ ('Fﬁ)
- ) o Lo

. T (+1) . T - therefore 4 1)~
H ' . *
ig ot . u-s , ﬁ . "y ’ 'J . 8 fe . /f'\ - R 4:—3-2'
: ? | Eme—— 4 R ;o (=2)

v
. L 4 - g
.

(-2.5) | c L m——T " (-2.5) ,
.. i + * LR P ] therefore + -
' \ ' =3.3) e e =3:5
B T D L N S Sy s S

AT F’lgurelo.'» .o -

[ v .

- N . ! P - 'f‘ . '*r"‘ N >
'7 ot N

. .

s, . » ” N

.~ . Use veators to add tpe following signed numbers..
J . Kadi
+6)

. : : ® oo

R e
-~ , (_,,). Lo . A ) W)

' . R '\)‘: . v S o R . . ')..

sV NI Y

e (b) ) oo “ i - .
‘\_' - ,{ ‘(ﬂ ‘.. ’ ‘_ o ) . o . " :)

=1

¢ ‘ 0 . w . ' 3 .

" A 4 . ' ) ’ y D ! A .o '
. ' e + (-3.7) , A" e VN S . >

Ce ‘e 44,2 C T S
» ‘q _ . ‘ - ‘

’ ' o, | . > -
- . L X —a
~ ]
RS 85, , ~
o s

L 3
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Ry

(@) +.

~‘ ~ !, . * . ‘ ' L '
10. Pindth‘following sums. - : :

-2.8

:&g.s

o

T (b) +
<

-

(c) +
e @ +

e "+

-
S

. B N ’

@

L4

+4.0

+3.0 cm

+1.7 cm.

+3.0 m

-2.6 km

- =1.0 km

/

-

-1.7 m
+5.0.m

i

4-10 . oy

“1

-

K 1;. Cﬁoostng suitable scales for your vectors, find t:he fpilow;ng .

, sums.

/ (@) +,

°

.
.

+1.3 x 194,

4
+3.5 X ‘lgg

4

-2.7 % 103
~7.6% 103

-3.1x 106

+5.5% 108

-5.2 X 10°
#357 X 105" -

.
~

® v £ ) . . . ’

« -
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T 4-11

!
3 -
.

Addlng slgned nunlbers ‘as vectors is really what you do when )
you use a calculat;‘. Entering the first n,umb'er~wlth its slgn corre-
sponds to drawihg the flrst vector. Pushlng the "+"§ key comresponds ) \(
to saying that the next veator will be placed tail to hgad. Entering

' the second number corresp'onds to drawing the\second vector. Finally,

pushing the "='"key corresponds to measuring the lengtéand noting
the dlrectlonpf the'final veator. - .

A

~ <@ ) {
, On a calculator a number without a“sign always stands for a *

>

", positive number' that is, #3 = 3. Negative numbers always carry

/ -t
the mlnus slgn. So that a negative number can be enteKed into the - ~ -
. calculator, the calculator gnust ‘haVe a-key called ' change sign" or, o "
. - i L -
as on some calculators, a key labeIed +/-. . T ’ _
* If a calculator is available to you, use it to doQuestions 9-11., < ]

.
rd

.
v , > . ¢

~ Q From #fie Idsegoing questions you may)ave already concluded I
that you an add slgned numbers without drawlng vectors. However, ] "t /
the vectors can help you rememDer ‘the'following slmple rules that
you U addingsthe numbers on papgor in your head. P
1. When you add t,wo-onumbers of the samé[slglp, you ' " - NN S
’ add- their magnitudes. The sign of the sum is the ) Lt
me as the sign of the two numbersg. .- - . e
2. WP &pu 2dd two numbers of «different signs, you . _ *
\ _ subtract the number of the smaller magnitude from °
. the number of the larger magnitude. The sign of '
_the sum is the same as the, sign-of the number of - ‘ e
" the larger magnitude. o e

\ Yoo




12.

'

- o ‘ .0
(b) (-0.65) +.(-1.50) is about' <{#2.1
‘ ‘ ' - 9

By sketching or imaglning the vectors that correspond to each
pair of signed numbers detem‘xine which number is closest to
their sum., \

' o 7. +200
(&) (+46.7) + (~155.8) is about { -100
(4110

[N

I
» \ . ’
o j c (#2900
(c) (-612) + {+2258) is about {+1600
] .. N -1700

.
.
‘\
. . *
\ .
<> . - )
. ;

Find the fo&lowinqsums Use sketc es when helpful

\
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14, Find the ,fol‘lowing sums.
(aF +3.5) + (-4.6) + (-7.9)
(b) (-7.2%10% + (+6.3 x 10%) + (-11.2 x 10°)
(c) (~0.52) + (-1.60) + (+3.56)

|

E TION' 4 : ' E '
SEC TOTAL AND AVERAGE P

,'/ K i .
Suppose that a person made the following’ weekly deposits

| in his savings accoungf $5.00, $4.50, $6.50, and $3.00. What

* was his a{zerage d it over the four-week period? To find the‘

answer you w’quld first calculate the total deposit by addi‘ng ‘all the

deposits:

»

Total déposit = 5. oo+4 50+ 6.50 + 3.00 = $19 00 °

g

Then you would divide by four

$19.00

Average deposit = 4

=$4.75

} Y
This way of ﬂnding an average deposit wtll also work if
during ,some weeks the person withdrew money. We simply con-

sider the wtthdrawal to be an _egative deposit. For example, a

withdrawal of $8.00 would be cpnsidered as a deposit of $(-8.49).
This way the rule for finding an average deposit would be the same
as before: First find the total deposit by m all the weekly de-
posits, and then divide by the number of weeyé to %ind the average.
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j The temgerature fn Ski Ctty% re'porte.{j to be 28°F, 12°F, . .

) ’ )
. "
5 4-14
/ - ,‘ : ’ 3
. For example, suppose that during a five-week period a per-
, son made the followimj deposits: ) ;
(-8.00), (+16.00), (+4.00), 0, (-10.00)

Ttien, the éverage weekly dneposit is

" (-8.00) + (+16.00) + (+4.00) + 0 + (~10.00) :

5 ; =$0.40 .
L . - ‘

[ This method of finding averages works for all signed num- ~
~ bers whether they describe deposits, tempefatures, or other quan- —-- --
° ,ttt{es. For example, the average of 20, -10, 30, 40, -60 is '

20 + (-40) + 30.+ 40 +.(-60) _,
5 XA Tt

-3°F, 9°F, -1)° , 12°F, and at 2p.m. on each day ofa
-certain we What was the average temperatur® in Ski City

\ for 2p.m. that week ? ) AN P

\16. During a football qame Jim Nameless carries the ball, and
) gains the following yardage: .

422, -3, -B, +12, +44, +2, +5, +13, 2, -17
- In this list loss‘é's(are listed as negative gains. . |
(a) What was Jim's total gain?

P (b) What was Jim's average gain?;
, i oo . ] . . -
‘17. uning dial on a radio can be turned-all the way around a »
nuber of times both- clockwise (+) and counterclockwise (<) .
The dial is turned according to the following sequence: L
. 1 '3 1 3 1 :
= -= + -1= - += ‘ y
' 1'2 turns, 4 turn, +2 tums, 14 tums,' 4 turgn, 4 turn,
'and “"2 - tums‘ ' e h ) 5
' 4 ’ . , )
9 ’ ' . . - ) - /
. *
f ~ 93 -
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(), What is the sum of these signed numbers? .

(b) WHat is the meaning of the sum?
~

What are'the following sums ? ? .,

(a) (0.100000) + (0.010000) + (0. 001000) + (0. 000100)
¢ + (0. 000010) + (0.000001)

,(b) (0.100000) + (-0. 010090) + (0. 001000) + (—0 000100)

+ (0. 000010) + (-0, 000001)

|
= e . \‘A — . I ’ «
E/ -~ \) . . K P DBEN

19.

AR J ) 94

" (a) What was the average error ?

A.group of students estirﬁated .a certain length to the nearest
0.1 cm. ,They later measured the *ength and compared. their
result with their-guesses. If they.estimated te6 high, the
érrors were recorded as positiye. Errors on the low side were
recorded as negative. The data (all given in cm) were as

follows: ) . ; s
- ' )
v .

o Estimating Errors .
+1.2 ’”—9.3- +0.1°  +0.6 ’q~
+0.3 ¥ Z0.77 o +0.3.  -0,1

F] : . . I
/'\,

_(b) Whgt was the average ‘of the errors that were. tpo-high? -
(c) Whg\was the average of the esrors. that were too loﬁ |

)
~
Cpar

(a) Write down five numbers. oA
(b) Fipd their average.

(c) Find how far above or below the averagg-\-e ch of the five
numbers is. - \7 ®

(d) Now pverage the signed numbers you found in (c).

(e) arts (a) through (d) for another set of five numbers.
Is your dnswer to part (d) the gafire as before? Can'you think

of a rbas n why %
\ :

s

S




3 / - - SECTION'§'.. MULTIPLYING ANR DIVIDING SIGNED NUMBERS

el ’ - ) i ' ) ’ \
< -~ q,/q . . ’ ‘ l . n -
- L 5 Y What should be the sign-of the product of two signed num- > .
/ . bers? To answer this question we will look to our experbence with
natural numbers for ideas. S - '
e e . - A o PR R ’ /
’ : R When we ehended the number line to include negative num-
¢ " bers, we decided to put the positlve numbers where the natural num-

i
-

*
s

bers were (Figure ll)

‘ ; Q’»:‘jl . V. . ) h * . 'F!.gure ll o ) i . Q‘ ) "‘3
T, “ n Original -number line o, ,L*% —4 —— A '
-7 et e » non 0 ] 2 3 4 e
ERU NI . - . . . './\ , . ® ’
’ ' "Extended number line ——d—yi— J, $ +——4
T a p : © =3 =2. =1 0 4142 43 +4
@ ' N ( ’\"& : . /7 . ¢ \’ : .
=y g & T
. ."q\,\- “(\». F~ . . . .
' As we know, the product of two natural numbers is a natural
i .number. Therefofe it makes sense to define the’ product of two post-
£ » .
T, tive numbers as a positive number For example (+2) x (+3) =+6. g
 In practice, we hardly ever bother to write the + signs; we simply o . (
\
o  take them for granted. - . N
-Q : What can we learn from natural ntimbers about a produ¢t of a
positive numbg\r and a negative umber *say, (+3) X (-4)? We can look .
at the product of the natural numbers:3 X 4 as a repehted addition:
. - 3X4=4+4+4=12 ‘ c ~
And so it m¥kes sensé to, deftne the product {#3) X ( 1) as e ‘
/‘_‘4 &.. gl e ?’ ’ . "‘.« ° .’ .
. DT “'/« -» N
o . )+ Cae o) = o000 - e n
. Wt ) i:v'e' A Pt w
) o NS ST TSR i vy
J‘/ - ) - ’ . ‘ ne : ‘ '/ ~< , ‘\Q‘ti . PR , . ., ..
_ . T S 2 :\ \',‘,“\.,~ B JRE 2
) P ’v ‘. ."‘?‘ . b el gl-" -




. L B3 x (-4) =4-"'12;~
y

The stgn of the producf of two numbers should not depend

7% on whether t‘he numbers are tntegers or not. Therefore the product

¥,

of any positive and negative’ numbers should be negative Forue;,-
.‘ample,. S ' RO o -

& v 1 \ 3~
= 2 )=
- D k).
- - (+ 2) X (-0.60) = -0.72 s
K ] <1 N 2

21 . For natural numbers the ord%h‘tlch two numbers are multi-

@ {w

¥

23.  Find the following products. o

| | @ (1Y) x(2k)

J 3)7 72 ’
A 2
o (38 -

— ,f' -

. . g <y
. . 2 P E . , \
5 Ve Y
@6 AN

. plied dJ8s not affelt the result s fs known as the com-
s mutative law: For example, 2 X 3 =3 X 2. If we want'this .
' _ lew to hold.for signed numpers, what must be the stgn of the
. product (+2) X (+3)? ,
<N , A ' ‘.
C ’ *22..  Multiply the following. '
R () (+4) x (<7) ' .
- : b Exee) o~ T -
S ©(e) (+2 % 103) % (-4 x 106y « . ,
TL# {d) +06.03) x (+0.4) - \> - ,
- -, (o) 40.7) x (.1 x 10%) g

DA
/

0
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24, Calculate the following. . -

(a) +30) x <+-é-> o

e

b) 42) x <.§)

(c) (-50) % <+-;-> ~—

(1
(@) (+63)x<-§>

25. For natural numbers we can always replace division by a

suitable multiplication: For example, 53 4 ='5 X % If we

want signed numbers. also to have this property, what must™ . -

be the sign of the quotient of a positive number and a nega-
tive number? .
.-

~

26. Find the following dubtients. o
(@) (#27)= +3)
(b) “(+28)+ (-7)
- * (&) (-0.066) % (+0.11). ; oL e
(d) 3 x 107)+ (-2 x 103) *
e ) . o) |42 x 108)
. (+6 % 102)

Ty sy ' o
‘ (+0.3) 4 -

27. Find %he average of each of the following sets of numbers.
(a) +6, -7, -15, +8, -21 |
(b) +5.2, -0.12, $1.05, -15.2, 6.2 4
() -7, +s5,0,6,3,-8,-12,0,0,9

.
-
AN
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28. Suggest a quick Way of"finding the average of each of the
fallowing| sets of numbers.

(a) .=5.2, 5.2, =5.2, +3.6, +3.6, +3.6, +3.6,
“1.4, -1.4, -1.4

(b) +0.068, +0.068, +0.068, -0.41, -0.41, 0, 0, O,
-0.25, -0.25 ] )

/

E. So far we have established the following rules for multi-
plying signed numbers:

The product of two positive numbers is a positlve
. number. .

The product of a positive number and a negative
number is a negative number. \

]
What should be the sign of the product of two negatlve num-
bers'-’ To answer this question, we “shall again look at what we

¢

know about natural number‘s.

4

You can verify that 2 X (3 + §) = (2 X 3) + (2 X 5). This is .

an example of the distributive law. The lam; holds true for natural

numbers, and it makes sense that it should also apply to signed

numbers. For example,

+2) x ((‘+5) + ('—3)) shouid eq}.lal G+2) X (+5)>‘+ G+25 X (—-3»

Let us_check if this is indeed true:

V(+2) x ((+5) +;(—3)) = (#2) X (+2) =+4-

. and

| ((+2)>; (+s')>+ ((+z) X (—3)) = '(j;,o) + ‘(-‘s) = +4 )
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-, E Our example illustrates that when we follow the two rules*' .

to multiply signed numbers, the distributive law holds true.
. . /

o

\ Now let us donsider the product '
2 x (#5)+ (-3) = (-2) x 42) = -4 - *

Applying the dgstribdtive_ law to this case, we get

-4 = <(—‘2) X (+5)> ?622) >< (-‘3)) ' -
We ,k'now that ‘ . B » |

- " (-2) x (+5) = -10 1
Therefore, i , ]
‘. o -4 =-10 ;’<(_2) §,,(-3D '
This is only possible if

o ,( . . 
S - (-2) x (A3) =46 \
. ) . . 5 "——‘i

» ©
PO

o . ’
» : /%u\can repeat this réasoning with any three signed numbers /
’ @

you choose. _The product of two négative numbers has to be positJive,'

if the distributive law is to hold true. ’ ) ,

~—
L)

« ! 3

, o . .
. ‘ Caution: Do not make your bwn rule that says simply "two

minuses make a plus."” This is true for. QI:Oduct . The sum of two

3

negative numbeérs is indeed negative.
f\

: |
. .
. .

.
.
- . . ' \
. » , i .
>
A
:

/

S

© 29. . Calculate the following.

ST (a) (-4}x (=5) o ‘

o P cox(3) :




30.

31

32.
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~

Find the following products.

(a) (-z4)><é?%>

(b)

{c)
(d)

(-0.04)

(-5)

1 " o
oxfg)

(-2.3) %

'SO .3)

-

~

Suggest a reason why the quotient of two negative numbers

should be a positive nnmber - &
h s
,'; )
Do the following calculations. *
@) =op : - S
~-0.06 - - .
®) +0.3 - s
. +0.56 C p
(c) ,
~-70 ,
60 - .
(@ 0.2 . o"
~-500 ‘ '
(e) ——= “a
0.25 ,
~-70 J
, @) -1400
- ‘?
100
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N
SECTION 6 SUBTRACTING- SIGNED NUMBERS
(- o ‘ In Section 3 we learned to describe the addition of signed

numbers in terms of their corresponding vectors. We shall now .
- foﬂcw a simjlar method to learn how tq/subtract signed numbers.
: i

-

Let us start with two positive numbers (Figure-12).

+
9

< (‘*6) .' >
r T o) L !
(+4) e cemmemem——— -
Figure 12 \
, ' I g
A translation of Figure 12 into words reads as follows:
Draw the vectors that describe the numbers tail to taiol. The
. vector Ehat starts at the head of the second vector and ends a't the

. head of the first vector describes the difference of the two numbers. ’

/ -

S

" “Here is anotlier example (Figure 13).

N

_ A+5) —

. ]
T RS (+4) - E :
L , (+1) - '
Figure 13

Another way to look at Figure 13 is to note that the answer
vector (+}) {s what you have to add to the second vector (+4) to get °

the first (+5). ) . - ‘ '




J

. We wlll'ng‘w- define the subtraction of any signed number by

the tail-to-tail subtraction of their cor_respondihg vectors.” Consider

‘ an exgmple in which both numbers are positive but the second one

" is larger than the first (Figure 14)

o - e

X
Figure 14

#3)
&7
. (-4)

’
therefore -

.

Figure llS illustrates the subtractions in which ét least one

&\the numbers is hegatiye. RN . :

¢
Figure 15

»

therefore

)

therechre

-

* i e cnm 20 e e e i v im0 00 e 40 o 2 o e oo

-

%

P ~

thereforé -




\

Draw vectors to subtract the following. signed numbers.

(a;) - ®2) : . T

{-6)




.

.
.

Choosing suitable scales for your vectors, find the following
differences. . 3

_ #5x 109)
2 x10%)

_ (-6x107)
" (:8x107)
_ (ax10h)
(+8 x 10%)
_ #6.5%x109) ¢
#7.0x10%- - . ' :

;'g Just as in the case of addition, you can subtrac;t signed
4 - ‘ .

numbers without drawing vectors to scale. Nevertheless, a vector

(a)
(b)

(c)

3

(d)

sketch can help you apply the following simple r%when sub-
tracting sigried numbers in your head.'.

1. When you subtract two numbers of the same sign
' you subtract their magnitudes. The 'sign of the \
result can be seen from a sample vector sketch.

When you eubtract two numbers of opposite signs
you add thetr magnitudes. Again, the sign of the
answer can he seen from a rough sketch.

[ 4

-

4

-

By sketching or imagining the vectors that correspond to each
pair of signed numbers, determine which number is closest
to their difference.f : -

(@) (-25.6) - (+150.8) is abdut

i

-175,
-125

y {41z¥
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' | , +1.4 ! \
(b) (+0.85) - (+2.2)  is about, {-1.4 "
. . ) ~3.1 \
‘ i +900
(¢) (+521) - (-350) is about {-zoo
. n +200
37. Find the following differences
(a) ( 1.5) - (-2.6)
(B +7.6) - (-1.9) . .
o 1 “ '
(c) <+8-2-> - (+12) .
(d) (-25) - (+54)
i (e) (+0.05) - (+0.007) y
o (/) (-0.6)~ (-1.8)
v
' L= . Describihg signed numbers _by vectors helpéd us, in two ways

.(1) to define the addition and subtraction of sIg’ried numbers, and

(2) to check V\éhether an answer is reasonable.
) r T, - .
Howeter once you have had enough bractice you may want

to add and subtract’signed numbers without drawlng vectors. In this

-»

|
casd, the fol iowing rules are worth remembering.
. } .
1

# ©  Adding two sibned numbers

' If the signs are the same, In each case, the sign of
A . ad the magngtudes the sum is the sign of
- . -, : ; . the number that has the
- ! If the.si ns are different, larger magnitude:
subtract the magnitudes. 9 9 ‘
| . . ‘o
3 N { ~ “_ .
O Ve H 1 UO
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s
A ' a

_Subtracting two signed numbers

. If the signs are the same,
v ' subtract the magnitudes.

If the signs\are different,
.. add the magnitudes.

s .

. 38 .
" rules for each of the following.

(a)
(b)
(c)
(d)

«

addition of two numbers that have opposite signs

-

» If the number that has the
larger magnitude is
first, the sign of the
difference is the sign
of the number with the
larger magnitude.

If the number that has the
larger maghitude is
second, the sign of the
difference is the oppo-
site of the sign of the -
number with the larger
magnitude.

»

Choose numbers and use vectst sketches to tllustrate the

addition of two numbers that have the same signs

subtraction of two numbers that‘have the same signs’

subtraction of two numbers that have opposite signs

. 39. Follow the rules to do the problems below .;

.

’ + - ’ + s
. (a) - > ‘ (@) + 3
~ , “:. -7 " -
.t (B.)\ + > ' (e) o= . C. - S~
) . :_3_ ﬁ‘
: + - o~ )
-3 | =
() - W -’
+5 < -6
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40. (a) (-4.7)+ (+6.8) . v
(b) (-3.6) - &5.7) . ~ -
(c) (-1.8)+ (-6.9) . -

(d (+5.3)+ (-1.4)
(e) (+8.3) - (+11.7)

' SEC'IEON 7 CHANGE AND PERCENT CHANGE

..
» .
,\‘° . . L)
. ¥ .

41. The height of a child was 132 cm of January first and 138 cm ’
~ on June first of the same year. By how much did the child's '
. height change during the five months? 6

, 42. (a) _The price of a clock r¥dio was first $32.95 and then
: $49.95. What was the change in the price of the radio?

(b) The price of a calculator was first $18.30 and then
$15 75. By how much did the.price of the calculator change ?
’ .

.

\‘ The question "by how much has something changed" is
answered by ;ubtracting the earlier value from the later value.

" With signed numbers the difference between the later and earlier )
values also makes sense, no matter'wha,t numbers are used. Here

134
e

are some additional examples: .
T , 4 ‘
Mildred's wgight was first 129 pounds

" and then 124 pound$. The change in her

weight was 124 -'129 = -5 lbs, N




¢

!

v
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-
-~ B

]oshua s weight was first 124 pounds
and then 129 pounds. His weight changed
by 129 - 124 & +5 lbs.

«

In every case we take the later walue and subtract the earlier from it. .

f

The table below lists 10 a.m. and 2 p.m, temperatures in
degrees Farenheit on the same day at different locations .-

By how mucir did the temperature change at each plac{?
. -0 X

. Location Temperature in °F

Los An'geles, Califomnia . f 53 '
- “
Little 15 » 8
- Bismai} % g Lz
Albanf,, New York - R \j‘- Q .' -13 ° g
Cincinnati, Ohio -5 . + 7

l

The following chart shows the batting average of Joe Whiff

44,
' at the end of each month last season, .
. April - ,.253 August 242
: - May .271 September .257 ;'.
June .275¢ .. ‘October  .281 ° .
. Chuly L2690 T LT . .
(@) Represent this'data in a bar graph. / . _ I
» (b) During which month did Joe's average imp{ove fhe most?. *
- By how much did it improve? ' & PR
) (c) During which mgnth did-Joe suffer the warst sl‘ump? _ !
How big was his s’lump? T ¢ - K
> * Y -
] " -
< . N “« - " i "y
. ; 10, .

. - - * . v

Y
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You often hear'or see statements such as “The price of milk
S * . .

4 \ ... = wentup 12%}'/!or “Radios 20% off." Such statements also express

change,. alt};ough they do not tell us by how many dollars the price f

) chahged. They give the percent change ~ that is, the ratio of the

5 . éhapg'e in price to the old price,  expressed in hundredths.

.
. I 4
.

The statement about milk means

Change in pric , ,
=+40, -
o price” 0.12 12% g

Suppose that the old price were 84¢, then

. /|
Change in price = +}2% of 84¢ ) . S/
— @ . .//
. =+0.12 X 84¢ . S
= 10¢ . / .
. // ;
And the new price becomes. N . -
\ New price = old price +-change ) ¢ %
‘ ) ' ., ° . |
= 84y + 10¢ o
— s - . /
Co ) : C= 0 94¢ _ /
/ .

When there is a drop in price, the change is negative.
istatement about the radio says

-—

Change in price

= - = - 9,
Old price 0.20 20%
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Suppése the old price were 18.00 dollars. Then .
] - . .

-

Change in price = ~20% of 18.00 dollars

»
v

N \

Q‘ = ~0.20 X 18.00 dollars
= ~3.60 dollars.
Again,

New price = old price'+ change “

4

18.00 dollars + (-3.60 dollars)

14.40 dollars .

~N
]

-
i,

R 13

45, Becausé*of increased priqes, the cost of a 325.00 radio
went up 15%. - 1

(a) What was the change in the cost of the radio? '
(b) What was the cost of the r'ad(c;after the increase? . -
, i )
46. Martha noticed a pocket calculator lsted at $17.88 that was,
on sale at 30% off. '

(38) What was the percent change in price? . )
(b) What was the change in price?

(c) What was the sale prtc;e of the calculator?

© 47. A decorative candle listed at $4,90 is on sale at 20% off.
(a) 'Find the price .change. - :
:
. (b) Find the sale price.

o 110




